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Notation (for pixellated images):

e £, an N x 1 vector denoting the true scene

e y, an N x 1 vector denoting the noisy image

e N, the number of pixels

The Statistical Approach:

Introduce probability models for y|x and possi-
bly for x and use standard statistical paradigms
to generate inference about x.



SUMMARY
A regularisation approach to image restoration
‘Bayesian’ image analysis
Deconvolution
(Links will Physics will be highlighted)

Notes

e It will turn out that these three parts over-
lap!

e [ here is some personal bias in the mate-
rial in the talk (!), with some approaches
to statistical image analysis not included,
e.g. pattern theory (Grenander) and shape
analysis (Dryden, Mardia and others)



A REGULARISATION APPROACH

A simple model: y = Hx + €,

where H is a blurring matrix and e is additive
noise; often e ~ N(0,o2I). Suitable for contin-
uous intensity/grey-level images.

Least squares/maximum-likelihood estima-
tor of x:

T = H_ly =x + H_le,
the minimiser of
A(z,y) = ||y — Hzl||*.

If the model is correct, z is an unbiased esti-
mator of x, but can be very unstable - high
variance. Instead, minimise

A(z,y) + BP(z),
where & penalises ‘roughness’.



A simple version has scalar 8 > 0 and ®(x) =
z ' Cz, giving

zg:=(H'H+pC) tH'y.
(ridge regression, Tikhonov regularisation, spline
smoothing,...)

How to choose 37 Many approaches but we
mention just a few with statistical connota-
tions.

e Minimum risk:

B = arg mingE,,6(x,Zg),

where ¢ is a measure of distance. Problem:
B is a function of the true z!



e Generalised crossvalidation:
B = arg mingGCV(B),
where

GCV(B) := RSS(B)/[tr{I — K(B)}?],

in which K(8) = H(H'H+8C)"1H", K(B)y =
E(y|zg) denotes the set of ‘fitted values’,
and RSS(B) := |{I— K(B)}y||? is the resid-

ual sum of squares.

e Empirical degrees of freedom choice:

Solve  RSS(B)/tr{I — K(8)} = o°.



‘BAYESIAN' IMAGE ANALYSIS
(Geman & Geman, 1984; Besag, 1986)

Propose models for p(y|x,8) and p(x|B3), e.g.
Ising/Potts models, with ¥ = (0,8) the total
set of parameters. Typically, the models cor-
respond to y coming from a hidden Markov
random field (MRF) model.

‘Simplest’ example : for binary images, with
each z; = —1 or 41, take p(z|B) to correspond
to the Ising model:

p(z|B) = {C(B)} texp(B Y zx;),
1~]
in which the sum is over neighbouring pairs of
pixels.



For inference, key items of interest are

p(zly,v) o< p(z,ylv) = pylz, 0)p(z|B)
p(ylv) = > p(ylz,0)p(z|B)

Inference about z should be based on p(z|y, v¥);
p(y|y) is the observed-data log-likelihood.

(How Bayesian is ‘Bayesian’ image analysis?)



INFERENCE ABOUT THE TRUE SCENE

If ¢ is known, for restoration use some point

estimate from p(z|y, ), such as MAP (G&G),
ICM (Besag).

More refined inferences, e.g. interval estimates,
are hard to come by (MCMC - Physics links).

If ¢ not known, we should estimate it from vy,
using Likelihood or Bayesian methods.



MAXIMUM LIKELIHOOD ESTIMATION OF
(2

Objective is to find ¥ to max. p(yl|y).

General algorithm for incomplete data - EM
algorithm

Define

L(z,yly) = log{p(y|z, 0)p(z|B)},

and apply the following two-stage iterative step
to the current iterate ¢(m—1)

e E-step: calculate Q(v) = EnL(x,y|y), with
the averaging based on p(m|y,¢(m_1)).

e M-step: find ¥ = (™) to maximise Q(3).

As a general rule, p(y|y(™) > p(y|p(m—1).
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However, neither E-step nor M-step is easy for
hidden MRF data. Various approximate meth-
ods exist, e.g. versions of mean-field approxi-
mations, Besag's pseudolikelihood, etc.

SOME ILLUSTRATIONS

e Example 1: four-band satellite image.

e Example 2: transition boundary on Co-Ni
evaporated tape.

e Example 3: magnetc domain in TEM im-
age.
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DIRECT USE OF MEAN-FIELD-LIKE APPROXNS
FOR COMPLICATED LIKELIHOODS

log p(yly) = 10g{d p(z,y|y)}
> > q(z) log{p(z, y|)/qe(x)},

by Jensen’s inequality, where ¢(x) is any proba-
bility distribution for z. If p(x|y,) is too com-
plicated, use g of a simple form, e.qg. fully fac-
torised, such that q(z) = [I; ¢;(z;) (mean-field
approximation), with certain ‘hyper’'parameters,
chosen to maximise the lower bound. This ¢
minimises

KL(q,p) := ) q(z) log{q(z)/p(x|y,¥)}.
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FULLY BAYESIAN ANALYSIS

Propose ‘hyper’priors on ¢ = (0,3), and base
inference about 0, 8 and x on p(z,0,B|y):

p(z,0,Bly) « p(y|z, 0)p(z|3)p(0)p(B).

Problems with image-analysis data:

e no practically useful closed form for p(z, 8, 3|y)

e MCMC simulation from p(x, 8, Bly) not easy

Solutions (?)

e fudges tried within the MCMC procedures

e attempts at variational approximations -
find manageable approximation ¢g(x, 0, 3) to
p(x, 0, Bly) to minimise KL(q,p).
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‘BAYESIAN' INTERPRETATION OF REGU-
LARISATION

If y = Hz4e with e ~ N(0, 02I) and, marginally,
z ~ N(0,028~1C~1), then the negative of the
logarithm of p(x|y) is, ‘more or less’

ly — Hz||* + Bz ' Cxz,
so that the mode (or mean) of z is
Zg=(H'H+pC) 'H'y.

This motivates choosing 8 to maximise the
likelihood

p(lB) = [ p(ylo)p(z|B)dz,

under the assumption that H and o2 are known.
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DECONVOLUTION

Consider the inverse problem represented by
y = Hzx,

interpretable as a ‘discrete’ deconvolution prob-
lem. Formal ‘solution’ for a square matrix H
is x = H 1y, but often ill-posed and also often
x should be nonnegative.

Vardi and Lee (1993) note that, by scaling,
can assume that elements of x, y and columns
of H sum to 1. They propose the algorithm

;™ = 2™ S () 32" Py,
J k

for each ¢+ and m = 1,.... This algorithm con-
verges to the z* that minimises

quz log(y;/z;) = KL(y,z),

where z; = (Z] hijxj)-
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The algorithm has an EM interpretation with

e E-step: for each ¢ and 5 calculate

—1
me1) __a" Phy "
e o — _1 ]C
N >k w;(gm )hkj

e M-step: for each ¢, calculate

(m) __ (m—1)
J
Applications include emission tomography im-
age reconstruction and motion de-blurring.

Modifications include smoothed EM (Silver-
man et al., 1990) and modified EM, with rough-
ness penalty (Green, 1990).
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Another algorithm is the Iterative Image Space
Restoration Algorithm, for which the itera-
tion is

o™ = 2™V hiy) {3 b (O o™ Vi,
j i

for each :. References include Daube-Witherspoon
and Muehllehner (1986), De Pierro (1987) and
Titterington (1987) - interpretation as itera-
tive way of calculating least squares estimates

of x.

Example 4 (Vardi and Lee, 1993; Archer and
Titterington, 1995). An example of motion
de-blurring.
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DECONVOLVING MULTIPERIODIC FUNC-
TIONS (Hall and Yin, 2003)

Observed signal: for 1 =1,...,n,

yi=g9) +eg=p+ ) git) + e,

J=1
where the g; are periodic components with min-
imal periods 0 < 01 < ... < 0.

Objectives: estimate the § = {6;} and the {g;},

nonparametrically, as follows:

e calculate # = § to minimise
S(0) = {vi — 5(t:l0)}?,
with Z
g(t10) = {>_uiK (L, 1)}/ D K(t, 1),

in which the kernel function K(t,t') is a
function of 6,
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e given the {§,}, write

g@®) =p+ D> D ajpvr(t/0;),

in which the {a;;} are generalised Fourier
coefficients, pu is a constant and m is a

truncation point;
e estimate u and the {a;;} by least squares.

Example 5 (Hall and Yin, 2003)

Fit the model to radiation measurements from
the slowly-pulsating B-star HD 123515; a mul-
tiperiodic function with » = 4 periods gives a
good fit.
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