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Likelihood analysis and goodness-of-fit in low COUNTING RATE experiments
aldo ianni
I.N.F.N. Gran Sasso Laboratory, S.S. 17bis km 18+910
Assergi (AQ) 67010, Italy. Email: aldo.ianni@lngs.infn.it
Data analysis in low counting rate experiments require non-standard statistical methods mainly because with a poor data sample the Gaussian approximation is not appropriate. In this paper an example of analysis applied to a sample of data from a low counting rate experiment is presented. Emphasis is put on how to determine uncertainties of physical parameters,  on goodness-of-fit and on the application of the Monte Carlo method. 
1. Introduction
In experiments with low counting rate, often one has to deal with the problem of how to determine an upper limit or on how to define uncertainties. A complication is that the Gaussian approximation is not valid for a poor data sample, and binning of data can be difficult. Moreover, histograms may have one or more bins without entries. In these cases the very well known 2 method should not be used. The maximum likelihood method is best suited for parameter calculation. As far as upper bounds and uncertainties are concerned,  there is no well established method (see discussion by G. Feldman in these proceedings). 
        In this paper we present an example of analysis to determine the activity of 85Kr in a low counting rate detector. In particular, we will consider data from the Counting Test Facility, CTF, of the Borexino solar neutrino detector [1]. The CTF is a 4 ton un-segmented liquid scintillator detector designed to study the radiopurity of organic scintillators in the energy range below 1 MeV. Radioactive contaminants below 1 MeV are 238U, 232Th, 85Kr, 39Ar and 210Pb. In particular, for U and Th the CTF reaches a sensitivity at the level of 10-16 g(U,Th)/g. The CTF is equipped with one hundred photomultipliers, an active muon veto and 103 m3 of high purity shielding water. The CTF is located at the underground Gran Sasso Laboratory, Italy. A detailed description of the CTF can be found in [2]. As mentioned above, in the following we will focus on the measurement of 85Kr in the liquid scintillator of the CTF to illustrate statistical methods to be used with a small data sample. 
       The 85Kr is anthropogenic and it is a beta emitter with an end-point energy equal to 0.687 MeV. With a very small branching ratio (0.43%), it decays (Q=0.173 MeV) to 85mRb which decays to the ground state with =1.46s emitting a photon of 0.514 MeV. This sequence of beta-gamma decays provide a strong signature for the detection of  85Kr. Unfortunately, given the small branching ratio and the low counting rate feature of the detector, the set of collected candidate events is expected to be small in spite of the exposure. In the following, first we will present a sample of data selected in about 555 days. Then we will discuss an analysis method to determine the 85Kr activity, the uncertainty on the measurement and the goodness-of-fit. In particular, we will compare the uncertainties and the goodness-of-fit calculated using the maximum likelihood and a Monte Carlo method, respectively.
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Figure 1.  Selected 85Kr events
2. Data
Selected data are reported in Figure 1. In particular, we show the coincidence times, “vertical bars”, and a histogram of the data (10 bins). In the whole detector mass (3.73 tons of C9H12) we found 48 candidates. We expect a fraction of these counts to come from 232Th through the correlated (in space and time) decay sequence: 212Bi()->212Po(=0.435s). 
3. Analysis method 
3.1. Maximum likelihood for parameters estimation
The method of analysis is based on the so-called un-binned extended maximum likelihood [3]. The data can be described with the following distribution function:
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where we have taken into account two sources of background, namely, the 212Bi-212Po decay sequence and a constant contribution from electronics noise. Using Eq. (1), the likelihood function is written: 
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     (2)        
where  N=48 is the number of selected events, and aKr, aTh and b are unknown parameters. In Eq. (2) tmin =0.5s and tmax =6s. In particular, aKr is proportional to the 85Kr activity. By searching for the maximum of lnL from Eq. (2), we have determined the best-fit values for the unknown parameters. In the analysis we use implicitly the hypothesis that the decay trend shown by the data in Figure 1 is due to the mean life of Kr and that of Th, as described above. This hypothesis needs to be tested as done below.

        Once the best-fit values have been calculated, one needs to determine the uncertainties. A common method is to use the following equation [3,4]:
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where lnL() is the profile log-likelihood and Q defines the likelihood ratio error interval (Q=1 for standard interval). We have applied this method: first we have determined the profile log-likelihood for aKr by maximizing with respect to the other two parameters. Then, we have used Eq. (3) to calculate the standard error interval. It turns out that aKr = 30+11-10. Using the selection cuts efficiency (35%), the Kr activity is calculated to be 36+14-12  counts/day in 3.73 tons. We notice that Eq. (3) gives the correct confidence limits if the Gaussian approximation is justified. For the present data sample the log-likelihood is not a Gaussian as can be seen in Figure 2. 

         We have used a second method in order to determine the “error interval” for aKr. In particular, using the best-fit values for the parameters as inputs for sampling the distribution in Eq. (1), we have simulated 2000 data sets. For each set we have used Eq. (2) to determine aKr and the other parameters. The distribution of aKr is shown in Figure 3. From this distribution we have calculated an interval around the mean value which contains 68.3% of the whole data. It turns out that: aKr=29.5+9.7-7.5 and the Kr activity is 35+12-9 counts/day in 3.73 tons. 
       Once the parameters and uncertainties have been determined, one has to calculate the p-value in order to test the assumed hypothesis. For the data sample considered, we have used two methods: an unbinned test and a chi-squared test combined with Monte Carlo simulation. As un-binned hypothesis test we have considered the Smirnov-Cramer-Von Mises method [5]. In this method a measure of the difference between the data and the model is:
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Figure 2.  Profile log-likelihood for the parameter aKr. The horizontal line is used to determine the standard likelihood ratio error interval on the parameter.  See text for details.
By writing the data in an ordered form (see Figure 4), Eq. (4) can be written:
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In Eq. (4) Fexp(x) is the experimental cumulative distribution, Fth(x) is the model cumulative distribution and f(x) is the model pdf (Eq. (1) defines the pdf of the example presented in the paper).  Fth(x) is given as a function of the parameters, aKr,aTh,b. Best-fit values are used for the parameters in Fth(x). 
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Figure 3. Distribution of the parameter aKr from the Monte Carlo Method.  See text for details.
In Figure 4 we show the experimental cumulative distribution (solid line), and the model cumulative distribution (dashed line). The value determined using Eq. (5) (see Figure 4) corresponds to a p-value of 81% [4]. 
       A second method used to determine the p-value uses binned data and simulates the distribution of the test statistic. In this case the difference between the data and the model is given by:
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where Niexp is the number of counts in the bin ith in the histogram shown in Figure 1, and Nith is the corresponding expected number of counts. We have used the Monte Carlo method to determine the distribution of the p2 in Eq. (6) starting from the best-fit values. In Figure 5 we show the result of the simulation. We notice that the distribution of Eq. (6) does not match a 2 distribution. This is a general result when one deals with small samples. 
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Figure 4. Goodness-of-fit using the Smirnov-Cramer-Von Mises method.  See text for details.

The p-value turns out to be equal to 82%.  
4. Conclusions
In the paper we have presented a method of analysis to deal with low statistic samples. We have shown how, once the physical parameters are determined with an un-binned maximum likelihood fit, uncertainties and goodness-of-fit can be determined by the Monte Carlo method. However, the methods we used for determining confidence intervals may not give the correct coverage. Un-binned hypothesis tests, such as the Smirnov-Cramer-Von Mises should be used with small data samples to avoid problems with low or zero entries/bin in applying the well-known 2 goodness-of-fit method. 
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Figure 5. The histogram corresponds to the distribution of Eq. (6) from the Monte Carlo simulation. The solid line shows a 2 distribution with the same d.o.f.
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