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We consider Pearson’s chi-square X2, the likelihood ratio G2, and Zelterman’s D2 as goodness-of-fit statistics for
high energy physics problems in several dimensions, where the data are sparse. There is a fundamental obstacle in
the “ultrasparse” case where all bins have at most one entry (ni = 0, 1 ∀i). A condition for avoiding this regime is
derived; the allowed number of bins k rises faster than the total number of events n: kmax = 0.4× n1.4. Reasonable
binning in many dimensions may thus be possible for modest datasets n > O(100), although special treatment is
required to derive p-values. Results for an initial trial problem are encouraging; further studies are underway.

1. Motivation / Historical note

The talk of the Durham meeting was Heinrich’s
demonstration1 that the likelihood cannot be used
to test goodness-of-fit (g.o.f.) for unbinned maximum
likelihood fits (see also Refs 2 and 3). This presents
a problem for high energy physics, where the data
are often characterised by several variables, leading
to the use of unbinned fits to small samples. Due to
the importance of such fits at the B-factories, Kay
Kinoshita and I both pursued the matter in the fol-
lowing year, considering binning-free tests based on
the random walk4 and the energy test,5 with incon-
clusive results. During discussion at PHYSTAT2003,
an alternative approach was suggested:6

Conventional binned g.o.f. tests rely on results
from the asymptotic limit where the number of bins
k is fixed, and the number of events n →∞. This is
one reason behind the conventional wisdom that fits
should have ni ≥ 5 events in each bin. However an al-
ternative limit, where k →∞ but the ratio of events
to bins n/k remains finite, has been studied: see for
example Ref. 7. There is considerable statistical lit-
erature on g.o.f. in this regime, mostly considering
problems in the social sciences (for example, Ref. 8).
Here I report the status of an attempt to appropriate
this work for use in high energy physics.

2. Adapting a social science example

As a starting point, Zelterman9 considers a 2D his-
togram from an employment survey,10 with n = 129
events and k = 899 cells: well outside the conven-
tional regime (Fig. 1). The null hypothesis is “inde-
pendence of the rows [monthly salary] and columns
[years since first degree] by using multinomial sam-
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Fig. 1. The sparse histogram used as an example by
Zelterman,9 plotting salary vs. years of experience; the small-
est squares show one event/bin. The data are taken from an
employment survey in Ref. 10.

pling, conditional on the marginal totals”;9 the al-
ternative hypothesis is that a correlation exists. By
inspection, confirmed by linear regression, the data
of course are correlated. Tests based on

X2 =
∑

i

(ni − λi)2/λi, (1)

G2 = 2
∑

i

ni log ni/λi, and (2)

D2 =
∑

i

[
(ni − λi)2 − ni

]
/λi (3)

where ni is the actual and λi the predicted number
of events in bin i, find various results: X2 (Pear-
son’s χ2) fails to reject the null hypothesis; the like-
lihood ratio statistic G2 and D2 both reject it at
extreme signficance. D2, which is outside the family
of Cressie and Read,11 was introduced by Zelterman
for use in the case of sparse data.9 Both this and G2

seem suitable to our purpose, based on this example.
No exact mathematical relationship between the

quantities in Fig. 1 is expected; they can thus be
grouped into categories — binned — according to
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convenience. Typical high energy physics data are
different: the variables are invariant masses, mo-
menta, angles, etc., and the underlying processes are
intrinsically simple. Formulae relating various quan-
tities can be derived for some hypotheses, such as de-
cay of a particle with given properties, and for others
(e.g. combinatorial backgrounds) functions with few
parameters are found to fit the data well. It would
thus be attractive to choose bins fine enough to dis-
tinguish different (possibly correlated) distributions
in each quantity: in many dimensions this can lead
to arbitrarily small numbers of events-per-bin.

This approach will fail in the limit where ni =
0, 1 ∀ bins i: a test statistic I =

∑
i f(ni, λi) can-

not in general distinguish between regions of low and
high event density. D2 collapses to a unique value
in this case, for any {λi}; all statistics I collapse to
the unique value n · f(1, λ) + (k − n) · f(0, λ) if the
distribution is flat, λi = λ ∀i. (Note that the form
given for I is general, including the family of Cressie
and Read,11 D2, and other statistics.) Since we will
typically fit data with floating shape parameters, the
limitation is fatal.

To avoid this “ultrasparse” regime, consider the
following condition: Let mj be the number of bins
i where ni = j (so that there are m1 bins with one
entry, etc.), and find the number of bins k = kmax

such that

P

(
m2 ≤ 1

10
n; mj = 0 ∀j > 2

)
< 0.01 (4)

in the case where the expected bin populations are
equal, λi = n/k. If this condition is met, then the
majority of datasets will have a significant number
of bins with ni = 2, 3, . . . , even though the aver-
age bin population may be low: at most 1% will be
dominated by bins with one entry, ni = 1. (We con-
sider datasets with only a small number of ni = 2
bins m2 ≤ n/10, and no bins with ni > 2, to be
dominated by their single-entry bins.)

For given n and k, the probability of any partic-
ular set of counts (m0, m1, m2,m3...) is

P ({mj}|n, k) =
n!∏

j(j!)mj
· k!∏

j mj !
·
(

1
k

)n

, (5)

based on multinomial statistics and simple counting.
Using (5) and an arbitrary-precision calculator, it is
straightforward to solve (4) for kmax. Results are
shown in Fig. 2, together with a fit to the power law

kmax = 0.4× n1.4. (6)
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Fig. 2. The largest number of bins kmax satisfying the condi-
tion (4), as a function of the number of events n. The results
of a fit to the power-law kmax = P1 · nP2 are also shown.

This suggests that binnings with n/k ¿ 1 may be
possible for moderate n > O(100), enabling bins to
be chosen in each of many dimensions, as required.

3. Example: X(3872) → π+π−J/ψ

As an example, we consider angular analysis of de-
cays X(3872) → π+π−J/ψ, to determine the quan-
tum numbers JPC of the state; the sample was 58
events including ≈ 11 background.12 Various hy-
potheses were tested using 1D histograms chosen
with typical ni ≥ 5, but regions where λi . 1 on
the null hypothesis: see Fig. 2 of Ref. 12. Event
counts ni À 1 in these bins disfavour the null.

Using toy Monte Carlo (MC) experiments with
n = 50 and neglecting background, we study the
power of tests on (1)–(3) to discriminate against
JPC = 0−+ using binning in an increasing number of
dimensions. Events are generated following Ref. 13,
using a complete set of angles (θ, φ, ψ, χ, φK). (Here
(θ, φ, ψ) are as defined in Ref. 13 for the 0−+ case;
χ is as defined for 0++; and φK is the azimuthal
angle of the kaon from B → KX(3872) decay, in
the system used to define φ.) To bin efficiently, we
use non-equidistant bins [0.0, 0.3], [0.3, 0.6], [0.6, 0.9],
[0.9, 1.0] in | cos θ|, where a sin2 θ = 1− cos2 θ distri-
bution is expected on the null hypothesis (preserving
the small expected population in the last bin,12 but
using fewer bins overall). Fig. 3 shows the value of
such binning for discriminating between hypotheses.

Fig. 4 shows the power to reject the null, based
on p-values taken from distributions of toy MC ex-
periments. The X2 and G2 tests improve noticeably
as more dimensions are added, up to case (e) with
k = 128 bins, comparable to kmax ≈ 95 (from (6))
for n = 50. All tests lose power for binning (f), in the
ultrasparse regime (k = 512), and inspection of test-
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Fig. 3. Data from a single toy MC dataset, n = 50, for each of
JPC(X(3872)) = 0−+ (upper plots) and 1++ (lower). Dotted
lines show 4×4 binning in (| cos θ|, | cos ψ|); left and right plots
show | cos χ| < 0.5 and ≥ 0.5 bins respectively. For JPC =
0−+, we expect sin2 θ sin2 ψ dependence and no dependence
on cos χ. For JPC = 1++, the distribution ∝ sin2 χ; the
dependence on the remaining angles (θ, φ, ψ, φK) is nontrivial.

statistic and p-value distributions shows pathologies
such as domination by discrete values. X2 gener-
ally shows higher power than G2, but loses power as
(1−α) → 1.0, where α is the significance: the mech-
anism needs to be studied. D2 performs poorly in all
cases, in marked contrast to the example of section 2.

Also shown is a test based on
∑

l lnLl, where Ll

is the likelihood for the lth event: ∝ sin2 θ sin2 ψ for
JPC = 0−+. In this case, this test is discriminat-
ing, and more powerful than all of the binning-based
tests shown. (This result is unlikely to be general, as
there are known to be cases where Ll-based tests fail
to discriminate against certain alternative hypothe-
ses, even where the null hypothesis is simple; the
limitation is related to the failure of these tests to
discriminate in the case of unbinned maximum like-
lihood fits. See Ref. 3.) Since Ll is a function of
cos θ and cos ψ only, it is insensitive to variation in
φ, cosχ or φK , not expected for JPC = 0−+ but ex-
pected for some other hypotheses, in particular 1++

(see Fig. 3). Thus a test combining
∑

l lnLl with
appropriate binning in (φ, cosχ, φK) is presumably
more powerful still: this remains to be studied.

4. Further work

In addition to further study of the results presented
here, the following extensions are planned:

(1.) Varying n in the X(3872) case, to see if Eq. (6)
is a reliable guide to the breakdown of tests.

(2.) Application to a basic compound-hypothesis
problem: fitting for a possible signal in the
presence of background (which may be mismod-
elled). The prototypical problem of this kind at
the B-factories is a search for a rare B-decay.14

(3.) A difficult compound-hypothesis problem: an-
gular analysis of B → φK∗ or similar decays15

to determine helicity amplitudes. This is a 3D
problem with a few hundred events, and thus
combines features of cases (1.) and (2.).

It would be desirable to also apply this method to
the analysis in Ref. 16, with O(100) events and the
sensitivity due to fine structure in two dimensions.
Unfortunately, based on Eq. (6), this is unrealistic.

5. Conclusion

Binned goodness-of-fit tests have been considered for
sparse data, where typical bin populations ni ¿ 5.
Such tests will fail in the “ultrasparse” case where
all bins have ni = 0, 1 only; the condition kmax =
0.4× n1.4 defines a number of bins kmax that avoids
this regime, for a given number of events n. For
modest sample sizes, kmax is large enough to allow
binning in many dimensions. For an angular anal-
ysis problem with n = 50, substantial improvement
in the power of tests is found for careful binning in
four dimensions, up to the expected limit k ≈ 100.
Further study using different n, and compound hy-
potheses, is underway. The (non-χ2) distribution of
test statistics in this regime remains to be studied.
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Fig. 4. Angular analysis of X(3872) → π+π−J/ψ (simulated): Power to reject the null hypothesis JPC = 0−+, in the case
of 1++ data, for hypothesis tests based on D2 (solid line), G2 (dashed), X2 (dotted), and the unbinned log-likelihood

∑
l lnLl

(dot-dashed). The fraction of 1++ datasets that survive (i.e. (1−β) where β is the power) is plotted against (1−α), where α is the
significance: for tests A and B, A is more powerful if its curve lies below/right of the curve for B. Bins are chosen in a progressively
larger number of variables: (a) 10 even bins and (b) 4 variable-width bins in | cos θ|, (c) 4×4 bins in (| cos θ|, | cos ψ|), (d) 4×4×2
in (| cos θ|, | cos ψ|, | cos χ|), (e) 4×4×2×4 in (| cos θ|, | cos ψ|, | cos χ|, φK), and (f) 4×4×2×4×4 in (| cos θ|, | cos ψ|, | cos χ|, φK , φ).
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