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Chapter 1
Symmetries

Symmetries underlie all fundamental physical laws. They play a crucial role in shaping
the theory of quantum mechanics, and lead to the theory of relativity once the invariance
of the speed of light is assumed.

The most straightforward way to define a symmetry is to use Feynman’s rewording of
Weyl!: a thing is symmetrical if there is something we can do to it so that after we have

done it, it looks the same as it did before’.

In classical physics, a symmetry is a transformation that leaves the equations of motion
unchanged, meaning it transforms one possible motion into another possible motion, gover-
ned by the same laws. Symmetries therefore restrict the solutions of the equations of
motion, and can be used to put constraints on these solutions. For example, consider the
rotation around the axis of angular momentum of a planet orbiting a star: rotating the
entire orbit (which may be elliptical) results in another valid orbit with the same energy
and eccentricity.

In quantum mechanics, the consequences of a symmetry are richer, because states can
be superposed. For example, if a system is rotationally invariant and [¢)) is an energy
eigenstate, the rotated state R|1) is also an energy eigenstate with the same energy. Any
superposition of these states, such as |[¢)) + R|v), is then again an eigenstate with that
energy. Symmetries can therefore lead to degenerate energy levels, as in the (21 + 1)-fold
degeneracy of states with angular momentum [ in a central potential. In classical mecha-
nics, by contrast, two trajectories cannot in general be combined to produce another valid
trajectory, except for linear systems such as the harmonic oscillator.

Another important symmetry in quantum mechanics involves the exchange of identical
particles. Bosons are characterised by the fact that exchanging two identical bosons leaves
the wavefunction unchanged, whereas fermions exhibit the opposite behaviour: exchanging

two identical fermions causes the wavefunction to change sign.

"Hermann Weyl, Symmetry, 1952, Princeton University Press, Princeton, NJ
2Richard P. Feynman, Robert B. Leighton, Matthew Sands, 1963, The Feynman Lectures on Physics —

Volume 1, Chap. 52 Symmetry in Physical Laws, Addison-Wesley



These symmetries are examples of global symmetries, meaning the transformations are
the same at every point in space and time. There is another type of invariance which is
called gauge symmetry: it is related to the fact that fundamental laws can be described
in different ways. Different descriptions are related by a transformation whose parameter
is a function of position and time, and can therefore be chosen independently at each
point. The transformations associated with gauge symmetries do not change the physical
state of the system; rather, they give a different but precisely equivalent mathematical
description of the same physical situation. The introductory review The role of symmetry

in fundamental physics by David J. Gross® is recommended for more details.

A symmetry is either continuous or discrete.

Continuous symmetries involve transformations that can be described using one or
more continuous parameters, resulting in an infinite number of possible transformations.
Examples include rotations around a point or an axis, where the continuous parameter
is the rotation angle, and translations, where the continuous parameter is the distance
by which objects or fields are shifted. Lorentz symmetries, which include both rotations
and boosts (changes in velocity) are also continuous symmetries. According to Noether’s
theorem, every continuous symmetry corresponds to a conserved quantity.

Discrete symmetries involve transformations that cannot be described by any contin-
uous parameter, resulting in a finite or countably infinite number of possible transforma-
tions. Examples include parity symmetry, such as reflection through the origin (r — —r),
time reversal (¢ — —t) and charge conjugation (transformation that changes particles
into their antiparticles). Crystal symmetries are also discrete because they are defined
by specific mathematical operations that map the crystal onto itself. For instance, if
the periodicity of a crystal lattice is R, only translations that shift the crystal by an
integer multiple of R will leave the crystal unchanged. Unlike continuous symmetries,
discrete symmetries are not associated with conservation laws through Noether’s theorem,
although in quantum mechanics they lead to conserved quantum numbers, such as parity,

which give rise to selection rules.

In what follows, we will focus on continuous symmetries.

3Proceedings of the National Academy of Sciences of the USA, 1996, p. 14256-14259



1.1 Newton’s law of motion and continuous symmetries

In this section, we illustrate how continuous symmetries imply conservation laws starting
from Newton’s law of motion. We will show that invariance under translation, rotation,
and time translation corresponds respectively to conservation of momentum, angular mo-
mentum and energy.

Consider an isolated system of two masses m; and mg with position vectors r; (¢) and

ro (t) which exert the forces f; and f5 on each other. The equations of motion are:

[}
—~
~~
S~—
~
S~—

’I?’Llf‘l = f1 (1‘1 (t) , r

(1.1)

[}
—~
~
~—
o~
S~—

mgf‘g = fQ (1‘1 (t) ,r

where the dots represent time derivatives. We assume that the forces are conservative
and denote by U the interaction potential, such that f; = —V U, where i = 1,2 and the

subscript denotes the coordinates with respect to which the derivatives are taken.

1.1.1 Translation in space

For an isolated system, there is no preferred position in space: translating the entire
system by a constant vector c leaves its potential energy, and hence the forces, unchanged.
Therefore, U (r1 +c¢,r2 +c,t) = U (ry,re,t). By setting ¢ = —ra (tg), where ¢y is an

arbitrary time, we then get, for all values of ¢:
U (rl (t) —I2 (to) y T2 (t) — I3 (t()) 7t) =U (1‘1 (t) y 2 (t) 7t) :
This equality holds in particular at time ¢ = ¢y, yielding

U (1‘1 (to) i ) (to) ,0, to) =U (1'1 (to) ,ro (to) ,to) .

Since tg is arbitrary, this shows that U depends solely on the relative position r = r; — ro
of the particles. Consequently, f; = —f; (weak form of the law of action and reaction),

and the forces themselves depend only on r. The equations of motion then yield:

d . .
E (myty + m21'2) =0. (1.2)

Invariance under translation therefore implies conservation of momentum.

1.1.2 Rotation

We now assume that the system is invariant under any rotation about any axis through
the origin. From section 1.1.1, the forces depend only on the relative position r = r; — ro,
with f; = —f;, and we write f; = f(r). Rotational invariance means that rotating the
configuration of the system rotates the forces accordingly. Therefore, f(Rr) = Rf(r) for

all rotations R.



Consider first a rotation R about an axis aligned with r itself. Such a rotation leaves r
unchanged, Rr = r, so the condition above gives f(r) = Rf(r): the force is unchanged by
any rotation about r. This is only possible if f(r) has no component perpendicular to r,
since such a component would be rotated. The force is therefore parallel to r, and we can
write f(r) = f(r) r, where a hat denotes a unit vector.

Consider now a rotation R that takes r to another vector r' = Rr with the same modulus
but a different direction. The condition f(Rr) = Rf(r) becomes f(r')¥' = f(r) Rt =
f(r)#, so that f(r') = f(r). The magnitude of the force therefore depends only on the

modulus r of r, and not on its direction:
f1 = —fg = f(?”) r.

Correspondingly, the potential U depends only on r. The internal forces are thus central,
i.e. they are equal and opposite, and directed along the line joining the two particles. This

is the strong form of the law of action and reaction. It follows that:

d
& (m1r1><1"1 + mQPQXf‘Q) =ri Xf] +roxfy = (I‘l — 1‘2) xf; =0. (1.3)

Thus, rotational invariance implies the conservation of angular momentum. Note that
invariance under rotations about a single fixed axis is a weaker condition, as it only implies

conservation of the component of the angular momentum along that axis.

1.1.3 Translation in time

Here we assume that the system is invariant under a time translation that shifts ¢ back-
wards by some arbitrary interval 7. This implies f; (r1,ra,t — 7) = f; (r1,r2,t). Therefore,
the change in U associated with a time translation can only be a function of ¢, and possibly
7, which we denote as g: U (r1,r2,t —7) = U (r1,r2,t) + g(t, 7). A function of time alone
does not contribute to the forces and can be removed by redefining U, so we take g = 0.
The equality above is satisfied in particular at time ¢t = 7, so U (r1,r2,0) = U (r1,r2,7) .
Since 7 is arbitrary, this implies that U does not explicitly depend on time (it only depends
on time through r; and ry). It follows that:
dU dK

7:I.'I'VrlU+I"2'Vr2U:_I.'l'fl_i‘2'f2:_av

= (1.4)

where K = = (mit} 4+ mor3) is the kinetic energy.

N

Invariance under time translation therefore implies conservation of the total energy K+U.

10



1.2 Lagrangian and Hamiltonian formalisms

The examples above illustrate how continuous symmetries lead to conservation laws.
However, they also show that Newton’s law of motion is not the most effective approach for
deriving general principles about these laws. For this purpose, we use the Lagrangian and
Hamiltonian formalisms, which were introduced in the first-year Mechanics course?. In
that course, the Euler-Lagrange equations were derived from the principle of least action.
However, this does not explain why the Lagrangian is equal to the kinetic energy minus
the potential energy for conservative forces. Noether’s theorem was also introduced, but
only for the limited case of transformations of the generalised coordinates, with time held
constant. Here, we will derive the Euler-Lagrange equations from d’Alembert’s principle,
which offers the advantage of enabling us to calculate the Lagrangian. Additionally, we
will derive Noether’s theorem for the more general case where transformations of both the

generalised coordinates and time are considered.

1.2.1 Generalised coordinates

We consider a system composed of N particles, each with mass m; and position vector
r;(t). Constraints may exist, implying that the r; are not all independent.

One type of constraint, known as holonomic, can be expressed as algebraic equations
involving the coordinates of the particles and, possibly, time. For example, a particle
restricted to move along a circular path of radius R must satisfy 22 4+ y?> = R?. Another
example is the rolling without slipping condition for a cylinder of radius R along a table
in one dimension. The relevant coordinates are x, the distance along the table, and 0,
the angle of rotation of the cylinder. The rolling without slipping condition is & = Ré,
which integrates into x — R = const. In such cases, we can introduce a set of generalised
coordinates qi(t), with k ranging from 1 to some integer less than 3N, by eliminating
the constraints. These coordinates, which do not necessarily have the units of length, are
generally not simply related to the position vectors, but they can be convenient to use even
in the absence of constraints. We refer to ¢ = dgi/dt as generalised velocities, although
they do not necessarily have the units of conventional velocity.

Other types of constraints are referred to as nonholonomic. An example is the rolling
of a disc with radius R on a two-dimensional table without slipping, where the plane of
the disc stays vertical, but the disc can freely rotate about a vertical axis. The relevant
coordinates are x and y, which represent the position of the disc’s centre on the table, 6,
the rotation angle of the disc about its own axis, and «, the angle between the plane of
the disc and the z-axis, which gives the direction of motion. The rolling without slipping
condition gives the velocity-dependent constraints ¢ = Rf cos o and Y= R sin . These
conditions cannot be integrated into a relation involving only the coordinates, and thus

cannot be eliminated by reducing the number of generalised coordinates.

“See also Prof. David Marshall’s S7/B7 Classical Mechanics Lecture Notes

11



Constraints may also take the form of inequalities, restricting the system to a certain
region of configuration space. For example, a particle confined to move inside a sphere
of radius R must satisfy 22 + y? 4+ 22 < R?. Such constraints likewise do not reduce the
number of generalised coordinates.

Although the rolling without slipping condition in two dimensions does not reduce the
number of generalised coordinates, it imposes relations between the allowed generalised
velocities. For example, if x(t) and 6(t) are known, y is determined, up to a sign, by
= R26? — #? and y follows by integration. Thus, the coordinates z, y, 6 and « may
be used to specify the configuration of the disc, even though their velocities cannot vary
independently.

Constraints are often enforced by forces of constraint, such as the friction force in the
case of rolling without slipping, or forces that keep particles confined within a certain

region of space.

1.2.2 D’Alembert’s principle

Forces of constraint restrict motion to certain directions or surfaces, ensuring that the
configuration of the system remains consistent with those constraints. For example, a
normal force prevents penetration through a surface, tension in a rod prevents elongation
or compression and, in rolling motion without slipping, friction prevents sliding at the
contact point. If slipping were allowed, friction could do work, introducing non-ideal
constraints beyond this analysis.

We now introduce the concept of virtual displacements, dr;, which are infinitesimal,
hypothetical changes in the positions r; of the particles of the system. These displacements
are ‘frozen in time’, meaning they represent possible instantaneous changes in configuration
that are consistent with the constraints of the system, without considering the actual
motion or dynamics.

For example, for a bead sliding on a rigid ring, a virtual displacement lies along the
circumference of the ring, respecting the constraint that the bead cannot leave it. The
normal force from the ring is perpendicular to this displacement and therefore performs
no work. This principle extends to more complex systems, where the geometry of the
constraints determines the possible directions of virtual displacements.

In general, however, constraint forces need not be perpendicular to the motion or to the
virtual displacement of each particle individually. For example, in an Atwood machine, the
tension in the string does virtual work on each mass separately, but the two contributions
cancel because the virtual displacements are related by the constraint. The hallmark of
an ideal constraint is that the total virtual work of all constraint forces on the system

vanishes:

ZFC,Z- or; = 0. (1.5)

This is the defining property of ideal constraints used in d’Alembert’s principle: although
constraint forces may exchange energy between parts of the system, they do no net virtual

work on the system as a whole.

12



The figure below® illustrates the concept of a virtual displacement for a pendulum
whose pivot moves in time, along the trajectory z(t). The rod is rigid, so a virtual
displacement dr at time tg moves the mass along the circular arc defined by the position
of the pivot at that time. In contrast, the actual displacement dr occurs while the pivot

itself moves, so the trajectory of the mass is not exactly circular.

S R ot
aolty) Lolt)

~

The virtual displacement ér is orthogonal to the instantaneous tension R, i.e. R - dr = 0.
However, because the pivot moves during the actual displacement, dr need not be ortho-
gonal to the instantaneous tension R, i.e. R-dr # 0. The constraint is still ideal, because
it does no virtual work.
Virtual displacements describe all possible instantaneous changes consistent with the cons-
traints, independent of the dynamics of the system. This makes them particularly conve-
nient in the formulation of d’Alembert’s principle, which can then be expressed without
prior knowledge of the actual motion.

Each particle 7 is subject to both forces of constraint and additional forces, not related
to the constraints, denoted by F,. ;. From Newton’s law of motion: F;+F.; —m;¥; = 0.
Taking the dot product with dr;, summing over all particles ¢ and applying equation (1.5)

leads to the conclusion that, for any set of virtual displacements dr;:

N
(Fpe,i —myi;) - 0r; = 0. (1.6)
i1

This is d’Alembert’s principle, established in 1743. It recasts Newton’s second law as a
condition of equilibrium: for every virtual displacement allowed by the constraints, the
total virtual work of the applied non-constraint forces and the inertial forces —m;¥; is zero.
A dynamical system thus behaves as if it were momentarily in equilibrium when inertial
effects are treated as additional ‘fictitious forces’. This bridges statics and dynamics
and, most importantly, eliminates the unknown constraint forces, paving the way for the
formulation of Lagrange’s equations and the broader framework of analytical mechanics.

Practically, d’Alembert’s principle provides a unified framework for analysing con-

strained motion, from idealised systems to complex mechanisms in engineering.

SFrom X. Jaén, J. Salud, C. Serra, J. Calaf, M. Khoury, 2023, Fundamental Mechanics, Newtonian

Mechanics for Engineering, Iniciativa Digital Politecnica, Universitat Politécnica de Catalunya, Barcelona

13



1.2.3 Euler-Lagrange equations

Building on d’Alembert’s principle, Lagrange introduced in 1788 a more elegant formula-
tion, now known as the Euler-Lagrange equations, that expresses the dynamics of a cons-
trained system in terms of generalised coordinates gi(t). These coordinates are chosen
so that the constraints are automatically satisfied, reducing the problem to independent
variables only. For instance, in a pendulum, the constraint of fixed length is handled by
using the angle 6 as the generalised coordinate, eliminating the need to enforce the string

length constraint explicitly.

The position vectors r;(¢t) can be written as a function of gx(¢) and may also depend

explicitly on time. Virtual displacements can then be expressed as:

aI‘i 8I‘Z

81‘1‘
Da oqr + ot =

(SI‘Z‘ =
ot A 8qk

Oqk (1.7)

where we set dt = 0 because virtual displacements are defined at fixed time.

Substituting this expression into the first term of equation (1.6), we obtain:
8I'i
> Frei-ori=)» Fre;- 9, 00k = > Frdar, (1.8)
i ik 9k k
where the generalised force Fy, is defined as:
81‘1'
F = F,. . .—" 1.9
k ZZ: ne,i 8q1g ( )

While F; may not have the units of a force, F;dq; does have the units of work.

We now consider the term involving acceleration in equation (1.6):

. . ari N d . 81‘1' . d ari
zi:miri 0r; = %:m,-ri . a—qkqu = %: [dt <m,rZ . 8(119) m;r; - T <aqk>} dqr (1.10)

We have:

d [ Or; 0 [0r;\ . 0 [ Or; 0 or; . Or;
— — + = g+ 1.11
t <3qk> ; D4 ( ) T (8%) dqr (Z g™ at> (L11)

In deriving the last equality, we used 9¢;/9qr = 0. When we perform a virtual displace-
ment, we take a configuration of the system characterised by the generalised coordinates
qr and velocities ¢, = dg;/dt, and change g by dg instantaneously. Since there is no
time evolution, the generalised velocities ¢; are not affected by the changes in q;. We are
therefore effectively considering that ¢; is independent of ¢ during the displacement, and

thus 9q;/0qr = 0, even if along a real trajectory ¢; generally depends on the gy.

14



With r; a function of g; and ¢, the velocity is given by:

_dr O, On
dt gy, ot’

(1.12)

where we retain the time derivative since we are calculating the velocity, not a change
due to a virtual displacement. The velocity r; is then a linear function of the generalised

velocities ¢, which leads to the relation:

=2
Substituting this expression and equation (1.11) into equation (1.10) gives:
Elzmzrz -0r; = zzk: [((iit <mzr2 . g;i) — Myt - g;:] Oqk (1.14)
Defining the kinetic energy as:
T = Z%mﬁ (1.15)

this equation becomes:

d /0T oT
E il - 0ry = E — |5 1.1
: m;t; - Or k [dt (8%) 6qk] oqy, (1.16)

Substituting equations (1.8) and (1.16) into d’Alembert’s principle (1.6) then yields:
d /or or
— =) —5——Fr|0q. =0 1.17
Zk: {dt <3q'k> Iqk k] e (17

Equation (1.17) holds for any system, but if the constraints are holonomic (so the ge-
neralised coordinates are independent), each coefficient of dgx must vanish individually,

yielding:

d /oT oT

These equations apply whether the forces F,,.; can be derived from a potential or not.

If the forces derive from a scalar potential V(q,t), we have F,.; = =V, V, where
the subscript indicates that the derivatives are taken with respect to the coordinates of

particle i. Then, equation (1.9) can be rewritten as:

or; ov
V. V.= 1.19
Z dgx g (1.19)

Since V depends only on the coordinates and possibly on time, but not on the velocities,
it does not involve the ;. Therefore, we can write 9T /9¢, = O (T — V') /¢
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Substituting this expression, along with equation (1.19), into equation (1.18) yields the

Euler-Lagrange equations:

d /0L oL
— =) -—== for all k 1.2
o (aqk) o 0, forall k, (1.20)
where the Lagrangian is defined as:
L{qr(t), Ge(t),t] =T = V. (1.21)

For velocity-dependent forces, such as the magnetic part of the electromagnetic force,
which cannot be derived from a scalar potential V' (g, t), a generalised potential V can be
introduced, which depends on both the g; and their time derivatives ¢;. This potential is
constructed so that equation (1.20) with L =T — V remains valid. This will be discussed

later in this chapter.

Now, consider the simple case where there are no constraints, using Cartesian coor-
dinates r; = (zy,¥;,2i), with g3i—2 = x;, q3;—1 = y; and ¢3; = 2z; for t = 1...N. The

Lagrangian for this system is:
1 ) . .
L:Z§mi (@7 + 97 + 27) =V (i, 95 ) - (1.22)
A

Applying the Euler-Lagrange equations (1.20), we obtain:
mt; = -V, V, fori=1...N, (1.23)

which is simply Newton’s law of motion. This equivalence is expected, since d’Alembert’s
principle, and hence the Euler-Lagrange equations, originate directly from Newton’s laws.
The significance, however, lies in the generality of the Lagrangian formulation, which repro-
duces Newtonian mechanics in simple Cartesian cases but extends seamlessly to systems
with constraints or curvilinear coordinates, where Newton’s laws would be cumbersome to
apply. Furthermore, these equations arise from a principle far more general than Newton’s

law, which we explore in the next subsection.
Note on independent variables:

In the partial derivative OL/0qy, only ¢j varies while g;, ¢« and t are held fixed. The
subsequent total derivative, however, follows a trajectory of the system and includes all

time-dependent variations:

d (9L _y ’L.. PL Y\, DL
at \ogr ) ~ 2= \0g;06," " 94,04, ") " otog.

)

16



In deriving the Euler-Lagrange equations, we regard the ¢ and ¢ as independent argu-
ments of the Lagrangian L(g;, ¢;,t) when taking partial derivatives. This does not contra-
dict the relation ¢ = dgx/dt, which holds along any trajectory. This relation defines ¢y in
terms of the trajectory g (t), but does not determine ¢y from the instantaneous value of
qr- Different trajectories can pass through the same configuration with different velocities,
so specifying the configuration alone is not sufficient to specify the instantaneous state of
motion, which is why L depends on both g; and ¢.

A particular relation between ¢ and ¢ that follows from the equations of motion must not
be substituted into the Lagrangian before deriving those equations, since such a relation
is an output of the dynamics rather than an input to the variational problem. Although
qr and ¢ are treated as independent arguments when taking partial derivatives of L, their

variations along a varied trajectory are related, as we will make clear in section 1.2.4.

1.2.4 The principle of least action

The Euler-Lagrange equations can also be derived from Hamilton’s principle, commonly
referred to as the principle of least action®. This principle states that a system evolves or
moves from point A (characterised by a set of values for ¢;) to point B (characterised by
another set of values for ¢;) by following the trajectory that makes the action stationary
(typically a minimum). The action, denoted by S, is defined as:
tp
S= [ Lla),qt),t]dt, (1.24)
ta

where L is the Lagrangian and t4 and tp are the times when the system is at points A
and B, respectively. Hamilton’s principle applies to systems where non-constraint forces
are either conservative or derivable from a generalised potential that may depend on the

velocities.

We assume that the constraints are holonomic, so the generalised coordinates ¢; are
independent. If the path ¢;(¢t) makes S stationary, introducing an arbitrary infinitesimal
variation d¢;(t) at all times between t4 and tp, while keeping ¢; fixed at these endpoints,
will not change S. In other words, 5 = 0.

It is important to note that these variations in ¢;(t) span the entire time interval between
t4 and tp, and affect the entire trajectory of the system. This differs from the virtual
displacements discussed earlier, which were instantaneous changes at a fixed time. Here,
a variation d¢;(t) in ¢;(t) induces a corresponding variation d¢; in ¢;(t). By definition,
the generalised velocity along the displaced trajectory ¢; + d¢; is given by ¢; + 0¢; =
d (g; + 6¢;) /dt, which implies that 6¢; = d (d¢;) /dt.

SFor an in-depth discussion of this principle, see Richard P. Feynman, Robert B. Leighton, Matthew
Sands, 1963, The Feynman Lectures on Physics — Volume 2, Chap. 19 The Principle of Least Action,
Addison-Wesley.
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Note also that these variations are not constrained by the system’s dynamics. Since the
exact trajectory is unknown, we examine all nearby paths to determine which path makes

the action S stationary.
The variation in the action is given by:

tp tp
55 = L(qi+5qi,qi+5qi,t)dt—/ L (g:, di. ) dt. (1.25)

ta ta

Expanding this to first order using a Taylor expansion, we obtain:

tp oL oL
08 = —dq; + =—4¢; | dt, 1.26
ta ;<a%’ q+8%’ q> ( )

where the derivatives are evaluated at (g;, §;, t). Importantly, the partial derivatives L/dq;
and 0L/0q; are taken with L regarded as a function of independent arguments ¢;, ¢; and
t: OL/0q; accounts only for the explicit dependence of L on ¢;, without considering the
induced change in ¢; (and similarly for 0L/d¢;). This is standard practice in variational
calculus. The trajectory itself, however, is varied only through dg;(t), which then deter-

mines d0¢; = d(dq;)/dt: the variations d¢g; and d¢; are not independent.

The next step is to use this relationship between d¢; and d¢; by integrating by parts

the term in equation (1.26) involving d¢;:

s 9L ts 9L d (6¢;) [ 8L]tB /fB d <8L)
Tl e “oi), )., a\ag )" (1.27)

ta
The boundary term in the square brackets is zero since dg; = 0 at both t = t4 and tp.
Substituting this into equation (1.26), we obtain:

R oL d (0L

where we now indicate explicitly the time dependence of d¢;. Since the ¢; are independent
variables, the variations d¢; are also independent. Therefore, for 65 = 0 to hold for any
arbitrary variations d¢;, each term within the integrand must vanish separately”, resulting

in the Euler-Lagrange equations (1.20).

We have shown that Hamilton’s principle leads to the Euler-Lagrange equations, and it
is evident that the reverse is also true. These equations are quite general. In their standard
form, as given by equations (1.20), they are valid when the constraints are holonomic and

the non-constraint forces can be derived from a potential or generalised potential.

"This follows from the fundamental lemma of the calculus of variations, which states that if

b
/ f@)n(@)dz = 0

for all arbitrary functions n(z) with continuous first and second derivatives on [a,b], then f(z) = 0 on
[a, b].
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However, the applicability of the Fuler-Lagrange equations extends beyond such idealised
cases. Even when the forces acting on a system are not derivable from a potential, such
as friction or other dissipative forces, the Euler-Lagrange equations in the form of equa-
tions (1.18) still hold. In these situations, the generalised forces Fj can be included
explicitly to account for non-conservative effects, allowing the equations to remain valid
without requiring a potential function.

Moreover, Hamilton’s principle, and consequently the Euler-Lagrange equations, can be
extended to handle certain types of nonholonomic constraints, though this is generally not

very practical.

Deriving the Euler-Lagrange equations from d’Alembert’s principle showed that, in
classical mechanics, the Lagrangian takes the form 7" — V. However, as shown in this
section, these equations can also be derived directly from Hamilton’s principle without
specifying a particular form of the Lagrangian. Hamilton’s principle is more fundamental
and provides a unified framework for deriving the equations of motion for a wide vari-
ety of physical systems, encompassing both classical and quantum mechanics, as well as

relativity. It also extends to fields in addition to particles.

The Euler-Lagrange equations therefore remain valid in the context of re-
lativity, provided the action is Lorentz invariant, so that a trajectory that makes it

stationary in one inertial frame makes it stationary in all inertial frames (see section 4.2.1).

The Lagrangian defined by the principle of least action is not uniquely determined.

Indeed, if L is a function that renders the action stationary, then:

~ df
L=L+— 1.29
+ (1.29)
where f is a function of ¢; and ¢, will also make the action stationary.
To see this, define:
B tp _ tp tp df
5= [ Ewo.ao.a= [ Laoao.das [T La s
ta ta ta t
which yields:
S=S+f(tg) — f(ta). (1.31)

Variations d¢;(t) that hold ¢; fixed at t4 and ¢p yield 85 = 45, since the additional
boundary term contributes nothing to the variation. Therefore, a path ¢;(¢) for which

85 = 0 also satisfies 65 = 0, implying that both L and L are valid Lagrangians.
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1.2.5 Lagrangian for an electromagnetic force

To apply the Euler-Lagrange equations in the presence of an electromagnetic field, we
need to construct a Lagrangian L = T'— )V where the generalised potential V accounts for
the electromagnetic force. For a charge ¢ moving with velocity r in an electric field E and

a magnetic field B, the force is given by:
f=q(E+1rxB). (1.32)

Denoting ¢ as the electric scalar potential and A as the magnetic vector potential, we
have:
0A
E:—V(ﬁ—ﬁ and B = VXxA. (1.33)

This leads to the expression for the force:
0A
f=gq —Vqﬁ—EJrfx(VxA) : (1.34)

Using the vector identity X (VXA) =V (- A) — (f- V) A, we observe that:

dA _OA  dz; 0A dA

o TEVIA=S Gt e T @

This is the total time derivative of A along the particle’s trajectory. Equation (1.34) can

then be rewritten as:
dA

f=qg|— —1r-A)— —|.

q[V(q5 r-A) dt}

Since the electromagnetic field, and therefore ¢ and A, are independent of the particle’s

velocity, the z-component of the force can be expressed as:
0 . d[o .
f“_q{_ax(d)_r.A)—i_dt [(%W—xAx)]},

where 9¢/0z = 0A, /0% = 0, and similarly for the y and z-components. Using Cartesian
coordinates, with L =T —V and T = m (a'c2 + 92 + 2’2) /2, the Euler-Lagrange equa-

tions (1.20) yield:
9z dt\ox )’
Since this is equal to f,, and similarly for f, and f., we find the generalised potential:

V=q(p—i-A). (1.35)

Thus, the Lagrangian for a single charged particle in an electromagnetic field is given by:

L:%ml‘z—qw—f-A). (1.36)
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1.2.6 Field theory for continuous systems

So far, we have focused on the Lagrangian for particles, where motion is described by a
discrete set of coordinates, ¢;(t). We now extend this formalism to continuous systems,
where a mass element at position x undergoes a displacement ¢(z,t) at time ¢. Instead of
discrete coordinates ¢;(t), we work with a field ¢(x,t). Examples of such systems include
a stretched string or a fluid through which a sound wave propagates. Our objective is
to derive an action that leads to the Euler-Lagrange equations which, in these cases,
correspond to wave equations. This approach also applies to systems governed entirely by

fields, without the presence of particles.

Lagrangian formulation for continuous fields

Consider a one-dimensional crystal composed of N atoms, each with the same mass m,
arranged along the z-axis. At equilibrium, the i-th atom is at position x;, and we denote
its displacement from equilibrium by ¢;(¢t). We assume that each atom interacts only
with its nearest neighbours, so the total interaction potential, Uigta, is the sum of the
interaction potentials between successive atoms, which depend on the distance between

them:
N—-1

Usotal = Y U (zig1 + ¢ir1 — 31 — ¢i).
i—1

We allow for an external potential V' that depends on the displacement of the atoms.

The Lagrangian for this system is then given by:

L= Z{ me; — <¢i>]—Utota1.

Let a denote the equilibrium separation between atoms, so that x; = ia. For small

displacements, we expand the interaction potential in a Taylor series:

U (Tig1 + Gir1 — T — ¢3) = U (a + dis1 — ¢i) =~ =k (dip1 — ¢4)°,

DO | =

where we have used the fact that U has a minimum at a, and we set this minimum to zero.
Here, k is the second derivative of the potential evaluated at a, and is constant along the

chain. The Lagrangian then becomes:

N-1
L= Z[ mg; — ] ;;k Giv1 — )" (1.37)

This expression describes interactions between nearest neighbours mediated by elastic
forces, effectively, springs with spring constant k.

Now, considering the case where a is small, we replace the discrete displacements ¢;(t)
with a continuous field ¢ (z,t). To first order in a, we approximate:

Biv — 01 = 6 (ai+0) — 6 (a1) = a g (zs).
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The terms in the last sum of equation (1.37) then become:

1 ¢\
Zka? ﬁ ’
2 ox
where the derivative is evaluated at the position of the i—th atom. This can be interpreted

as the potential energy of a string segment of length a, stretched by the relative displace-

ment ad¢/dx, suggesting that ka = T serves as the effective tension in the string.

In the continuous limit N — +oo, where a = dx, we replace m with pa, where p is the
mass per unit length. The discrete sums in equation (1.37) then become integrals over the
length of the chain:

L= /Ol [;pdx @f)z _ %de (2‘5)2 ey (¢)] , (1.38)

where [ = Na is the total length of the crystal, and V is the potential density defined by:

N l
S Vo) = [ @)

=1

This derivation can be naturally extended to three dimensions, leading to the Lagrangian:

L= /d% L (¢>, Vo, %f) , (1.39)

where the integral is over the volume of the system and L is the Lagrangian density. It is

given by:
1[99\ 1 )
L= 5/3 <8t) - §T (Vo) =V(9), (1.40)

where p is now the mass per unit volume, 7" is a constant characterising the elastic restoring
force (with units of energy per unit volume, i.e. of pressure) and V is the potential energy

per unit volume.

Euler-Lagrange equations for fields

We now impose the condition that the action S is stationary, with S given by:

tp
S = dt/dgmﬁ(gb, V¢, 010), (1.41)
ta

where 9; = 0/0t. Following a similar approach as in the particle case, but noting that the
Lagrangian now depends on ¢, V¢ and 0;¢, we consider variations of the field ¢. If ¢ (r, t)
is the field that makes S stationary, then any small variation §¢, applied throughout the
volume and at all times between ¢4 and tg, while keeping ¢ fixed at the boundaries and

at the times t4 and tp, will leave S unchanged.
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This means §S = 0, with:

_ dt/d3 [ 6+066,V6+35(Vg), at¢+5<at¢))—ﬁ(qza,w,atqb)} (1.42)

To first order, this simplifies to:

_ 5. (9L oL oL oo
= dt/ d ( O 30d) (at¢)+a<ai¢>m¢)>’ (1.43)

where i = 1...3 and 0123 = Oyy,.. Here, §(0:¢) and 6(0;¢) represent the changes in
Or¢ and 0;¢ resulting from the variations in ¢. Using the relations §(0;¢) = 0; (6¢) and
5(0;¢) = 0; (0¢) and applying integration by parts, we obtain:

(99) 0(9e9)

/d:nl g (00) = —/d:z:i ai< fqu))éqﬁ (1.45)

The boundary terms vanish because d¢ is zero at times t4 and g as well as on the surface

/tht oL s@00) = - /tht8t< oL )5¢, (1.44)
ta

enclosing the system.

Note on partial derivatives: The term 9 (...) on the right-hand side of equation (1.44)
involves taking the derivative with respect to time while holding x,y and z constant, but
it accounts for the time dependence of the field and its derivatives in £ wvia the chain
rule. Thus, it is not a total time derivative, since it does not account for explicit time
dependence in the coordinates, but it is also not strictly a partial derivative, as it includes
implicit time dependence through the field. If we were to ‘unpack’ ¢ and make £ an explicit
function of z, y, z and t, instead of treating it as a function of the field and its derivatives,
then integration by parts above would yield the conventional partial time derivative. The
same reasoning applies to d,. Throughout this course, we will see many instances of such

‘partial’ derivatives, and the context will typically clarify which derivatives are being used.
Substituting equations (1.44) and (1.45) into equation (1.43) yields:

— dt/d3 [_&(8(88?#))) 8( (32)))}%

Since 9.5 = 0 must hold for any arbitrary variation §¢, the expression in brackets within

the integrand must vanish, yielding the Euler-Lagrange equation for the field:

o (8%@)) o <85’>‘f¢)> B gi -0 (1.46)
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In this case, only one equation arises because there is a single field being varied. In
more general cases, the Lagrangian density may depend on multiple fields or on a vector
field with three spatial components, each varied independently, leading to a set of Euler-

Lagrange equations.

For the crystal discussed earlier, the Lagrangian density is given by equation (1.40),
which yields:

oL oL
= p0ip, ———=-T0;
I R0 R
Ignoring the external potential, the Euler-Lagrange equation becomes:
82¢
——= —TV?p=0
atQ ¢ Y

which is a wave equation describing the propagation of a displacement ¢ within the crystal,
with a wave speed /T'/p.

Lagrangian for the electromagnetic field

Previously, starting from the Lagrangian for a single particle, we derived a Lagrangian for
a system of particles whose motion is described by a field ¢ (r,t), with the principle of
least action leading to a wave equation for this field. This approach can be generalised to
apply to fields in general, whether or not particles are present.

Consider, for example, the electromagnetic field (E,B) in the absence of charges and
currents. Our aim is to find a Lagrangian density such that applying the principle of least
action yields Maxwell’s equations in vacuum. In Problem Set 1, we will verify that the

Lagrangian density is given by:

L=2p- —

1.4

By expressing the electric and magnetic fields in terms of the scalar potential ¢ and the

vector potential A, we can rewrite £ as a function of ¢, A and their derivatives.

In the presence of charges and currents, an interaction term must be added to this
Lagrangian density. It can be obtained from the Lagrangian for a charged particle derived
in section 1.2.5. From equation (1.36), the part of the Lagrangian of a particle of charge
q that couples it to the electromagnetic field is Liy, = —qo(r,t) + gt - A(r, t), where ¢ and
A are evaluated at the position r of the particle.

For a system of IV particles with charges g, positions ry and velocities rg, the interaction

terms simply add:

[—aro(rr,t) + quly - A(rg,t)]. (1.48)

1nt

Mz

k=1
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As for the one-dimensional crystal, we now go to the continuum limit. Consider a con-
tinuous distribution of charge with charge density p(r,t), moving with velocity v(r,t). A
small volume element d3z located at r carries a charge pd3z moving with velocity v, and
therefore contributes —p¢ d3z 4 pv - A d®z to the interaction Lagrangian. Introducing the

current density j = pv, the sum over particles becomes an integral over space:

Line = /d3x(—p¢+j-A), (1.49)
so that the interaction Lagrangian density is:

Lot =—pd+j-A. (1.50)

The Lagrangian density of the electromagnetic field in the presence of charges and currents

is therefore:

60 2 1 2 .
L=2F2_ _~— p2_ AL 1.51
5 2 po+j (1.51)

If p and j are treated as prescribed, i.e. unaffected by variations of ¢ and A, applying
the principle of least action to this Lagrangian density yields Maxwell’s equations with
sources. This is verified in Problem Set 1, where it is also shown that consistency of these
equations with gauge invariance requires the charge and current densities to satisfy the

continuity equation dyp + V - j = 0, i.e. conservation of charge.

1.3 Comnservation laws and Noether’s theorem

We now return to the topic of symmetries.

1.3.1 Cyclic coordinates

Consider a point mass m subject to a conservative force, with no constraints. Using

Cartesian coordinates g1 = x, g2 = y and g3 = z, the Lagrangian is given by:

1
L=gm (22 +9° +2%) =V (z,y,2). (1.52)

If the system is invariant under translation along the z-axis, then the potential V' cannot
depend on z. From equation (1.20), this implies that dL/J&, which is equal to the -
component of the momentum p, = mi, is constant.
Now, consider motion in a plane using polar coordinates g1 = r and ga = 6. The
Lagrangian becomes:
L= %m (2 +726%) ~v (r.6). (1.53)

If the system is invariant under rotation about the vertical axis through the origin, then
V cannot depend on #. From equation (1.20), this implies that dL/d6, which is equal to

the z-component of the angular momentum .J, = mr26, is constant.
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These two examples show that the Euler-Lagrange equations allow us to easily recover
results that were more laboriously derived using Newton’s law of motion in sections 1.1.1
and 1.1.2.

More generally, if the Lagrangian of a system does not depend on the coordinate g,
then the system is invariant, or symmetric, under a transformation that changes g;. Such

a coordinate is referred to as a cyclic coordinate. In this case, equation (1.20) implies that:

= — 1.54
is a constant. We refer to py as the conjugate momentum or canonical momentum, although

it does not necessarily have the units of momentum.

Conserved momentum when a magnetic field is present

For a particle subject to an electromagnetic force, the Lagrangian is given by equa-
tion (1.36). The conjugate momentum is therefore p = mr + ¢A, which differs from
the mechanical momentum ppe. = mr. If ¢ and A do not depend on, say, x, then x
is a cyclic coordinate and p, = mt + qA, is conserved, whereas mt is in general not,
since the electromagnetic force changes it. The additional term gqA reflects the fact that
the electromagnetic field itself can carry momentum, which can be exchanged with the

particle.

The role of the field momentum becomes clearer when two charges interact with each
other. Consider two like charges moving at right angles to each other. The electric forces
between them are repulsive, equal and opposite, but the magnetic forces they exert on

each other are not equal and opposite®.

In section 1.1.1, we showed that the total mechanical momentum of two particles subject
only to conservative interaction forces was conserved, relying on the law of action and
reaction. When magnetic forces are present, this is no longer the case. For each particle,
Newton’s second law still applies and gives f = dpmec/dt, but since the forces are not
equal and opposite, the sum of the mechanical momenta is not conserved: the momentum
carried by the field must be included. Note that the Lagrangian (1.36) describes a particle
moving in prescribed external fields, and does not apply directly to this situation, where
each particle moves in the field produced by the other. A Lagrangian describing the mutual
interaction of the charges can be constructed (to lowest order in v/c, this is the Darwin
Lagrangian), and the conserved quantity is then the sum of the canonical momenta of the

particles, which includes the momentum carried by the field.

8For a detailed discussion, see David Griffiths, Introduction to Electrodynamics, section 8.2.
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To restore the concept of action and reaction, we need to reinterpret it in terms of momen-
tum exchange rather than direct forces or consider the forces as being mediated by the
field. When a charged particle moves, it generates a changing magnetic field, which can
exert forces on other charged particles. Conversely, changes in the motion of other charged
particles affect the magnetic field, which in turn affects the original particle. This entire
interaction is mediated by the field. For the system as a whole (particles + fields), total
momentum is conserved. However, a particle does not directly exert a force on another
particle. Instead, particles transfer momentum to the fields, altering the field configura-
tion and momentum, and the fields transfer momentum back to the particles, exerting
forces on them. This process is more accurately described within the framework of special

relativity, which will be discussed later in these notes.

1.3.2 Noether’s theorem

In some cases, symmetries correspond not just to a particular generalised coordinate re-
maining constant, but to a combination of generalised coordinates and velocities being
conserved. Noether’s theorem states that, if a system exhibits a continuous symmetry,
there is an associated conserved quantity. In this section, we will prove Noether’s theorem

and derive the corresponding constant of the motion.

A continuous transformation of a system is considered a symmetry if it leaves the
equations of motion unchanged. For this to hold, the action before the transformation,
S, and the action after the transformation, S/, must yield the same equations of motion,
i.e. must be stationary for the same trajectories. This is the case, in particular, if S
and S’ differ only by a boundary term, as discussed in section 1.2.4. In this course, we
will primarily focus on transformations that leave the action unchanged, meaning S’ = S.
Under these conditions, we will now investigate which quantities must remain constant for

S to be left unchanged when such a transformation is performed.

A finite continuous transformation can be viewed as the result of a sequence of infinite-
simal changes. We denote by € the parameter that characterises an infinitesimal continuous
transformation, and define the transformations of time and the generalised coordinates as

follows:

t — t'=t+er(qpt), (1.55)
a(t) — q(t") = a(t) + eni (qr,t), (1.56)

where 7 and 7; may depend on all the ¢ and time t. The dependence of ¢ on the
coordinates ¢ is particularly important for applications in relativity. We will also need

the change in ¢; at fixed time, which we denote 7);:

q;(t) = qi(t) + €mi (qr. t) - (1.57)
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From equation (1.56), we have ¢.(t') = ¢.(t+e71) = ¢;(t) +€n; (g, t). From equation (1.57),
we have ¢(t + eT) = qi(t + 1) + €7; (qr, t + e7). Comparing these two expressions, we

obtain, to first order in e:

i @k, t) = i (qk, 1) — 7Gi(t). (1.58)

For a time translation, € represents the time interval by which ¢ is shifted, with 7 =1
and n; = 0 when the spatial coordinates remain unchanged. In this case, ¢;(t') = ¢;(t) and
¢;(t) = ¢i(t) — €q;, which can also be expressed as ¢;(t) = ¢;(t — €). This means that a time
translation by e replaces each coordinate ¢;(t) with ¢;(t —€).

For rotations, € corresponds to the angle of rotation @, while for spatial translations, it

represents the distance by which the positions are shifted. In both these cases, 7 = 0.

The action between arbitrary times t4 and tp is given by:
tp
s= [ r(a.@).t)a (1.59)

ta

After the transformation is applied, this becomes:

tp+dtp
5 = / L), (). ¢ )at' (1.60)
t

A+ota

where 0ty = eT(qk (ta) ,tA) and similarly for 0tpg.

We will now examine the condition implied by the equality S = S’. In the expression
for §’, ¢ is a dummy variable and can be relabelled t. Additionally, we separate the

integral into three contributions:

tA+6tA tB tB-'r(;tB

5 = _/ L(qé(t),(é(t),t>dt+/ L(qg(t),qg(t),t)dwr/ L<q£(t),(1§(t)7t)dt-
ta ta th

(1.61)

Since dt 4 is an infinitesimal quantity, the first integral can be approximated by evaluating
the integrand at t4 and multiplying by 6t4. The same approximation applies to the third
integral.
This yields:
tp
§' =8 = L(g/(ts). di(ts) ts ) ot — L(gi(ta), di(ta) ta)ota+ [ oLat,  (1.62)

ta

where:

oL = L(4).d(0).1) ~ L(ait), (1), 1)
= Z[(qé(t)—qxt))gi+(q';<t>—q'i<t>)§;]. (1.63)



Here, the coordinates ¢;(t) undergoing the transformation define a trajectory that satisfies
the Euler-Lagrange equations (1.20). Using these and equation (1.57), we can rewrite 6L

as:
oL oL . d /0L
0L = ZZ: |: <aq2) €n; + 8(11‘6771:| = ZZ: & (ainﬁl) s (164)

where the derivatives of L are evaluated at (g;(t),¢i(t), ).

For the first two terms on the right-hand side of equation (1.62), we can drop the primes
to first order in e. This is because these expressions are multiplied by the infinitesimal
quantity 0t = er, and the difference between the primed and unprimed quantities is also

first order in e. We then combine these terms as follows:

tp

L(dhlt):dits)sti ot = L(allta).di0a): )t = L{as0)ds(0).t)ot |

_ /t v jt <L (as0) 1)) (5t> dt.

A

Using this expression and equation (1.64), equation (1.62) becomes:

_S= /tB d ( snz—l—L(qZ() qi(t),t>5t> dt. (1.65)

For the condition S’ — S = 0 to be satisfied for arbitrary times t4 and tg, the integrand
must be zero. This implies that the function inside the time derivative must remain

constant over time:

L
Z g%m + L1 = const. (1.66)

Using equation (1.58), this can also be written as:

oL . OL
(ZZ: 8—%% - L) T — z@: a—qim = const, (1.67)

which is a form of Noether’s theorem. Since this theorem is derived without assuming
a specific form for the Lagrangian, it remains applicable in relativity, provided the
coordinate transformations preserve the action.

Noether’s theorem applies not only to mechanics but also to field theory, where the
symmetries are related to fields rather than just coordinates. This concept will be further

explored in Problem Set 1.
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1.3.3 Applications
Translation in space

We first revisit some of the conservation laws obtained in section 1.3.1, now as illustrations
of Noether’s theorem.

Consider a point mass m moving in a potential V. In Cartesian coordinates, with
q1 = ¢, g2 = y and g3 = z, the Lagrangian is given by equation (1.52). A translation along
the z-axis corresponds to 7 = 0, n; = 1 and 7y = n3 = 0. If the potential is invariant
under this transformation, the action remains unchanged and Noether’s theorem (1.67)
applies. This gives 0L/0t = mi = const, confirming that the momentum along the z-axis
is a constant of the motion.

Now, consider N point masses with position vectors r; = (x;,y;, z;). We define ¢3;—2 =
Ti, q3i—1 = y; and q3; = z; for t = 1... N. We assume that the system is invariant under
translation by any vector c¢. This corresponds to 7 = 0, 13;—2 = ¢z, 73i—1 = ¢y and 13; = ¢,

for all 7. Noether’s theorem then yields:
6—?771- =c, m;t; + ¢y miy; + ¢ m;2; = const.
i 04 i i i
Since this must be satisfied for any values of the independent quantities c;, ¢, and c., each

sum must be constant:
E m;r; = Px, E miYy; = Py, E m;z; = sz

where P = (P,, P,, P;) is the total momentum. Therefore, invariance under any transla-

tion implies that the total momentum is conserved.

Rotation

In polar coordinates, with ¢ = r, g2 = 0, the Lagrangian is given by equation (1.53).
Consider a rotation around the vertical axis passing through the origin, which corresponds
to7 =0, 7 =0 and 7o = 1. If the potential is invariant under this rotation, the action
remains unchanged. Noether’s theorem then yields 0L/ 90 = mr20 = const, confirming

that the angular momentum about the z-axis is conserved.

Translation in time

For a time translation, 7 = 1 and n; = 0 for all 4. If the system is invariant under time

translations, then Noether’s theorem yields:

oL .
H= zZ: 87]@% — L = const. (1.68)

This quantity is known as the Hamiltonian.
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Consider a Lagrangian of the form L = T — V', where V does not depend on the
velocities, in the particular case where the position vectors ry depend on the generalised

coordinates ¢; but not explicitly on time. We then have:

so that the kinetic energy T is quadratic in the generalised velocities. Therefore:

Zaq%—2T

Since V' does not depend on the velocities, this yields:

H=T+V. (1.69)

The Hamiltonian represents the total energy, and Noether’s theorem then states that this

energy is conserved when the system is invariant under time translations.

Time-translation invariance corresponds to the Lagrangian having no explicit time

dependence, OL/0t = 0, as can also be seen directly by writing the rate of change of H:

dH oL . oL dL
df;[a it <a M a (1.70)

Expanding the total derivative of L gives:

oL . 8L oL
— i —_—. 1.71
> ( q> + 2 (1.71)
Substituting this expression into equation (1.70) yields:
dH d /0L oL oL
A _ s~ |4 (oL Z , 1.72
at ZZ: [dt <aq'2-> aqz] U ot (172)

The terms in the brackets vanish because L satisfies the Euler-Lagrange equations (1.20).
This yields:

dH 9L

E —_— _E. (1-73)

Therefore, if the Lagrangian has no explicit time dependence (0L /0t = 0), the Hamiltonian

H is conserved.
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For a particle in an electromagnetic field, with the Lagrangian given by equation (1.36),

the Hamiltonian is:

. . 1.
H=(mr+qA) - r— L= imr2+q¢. (1.74)
This shows that the sum of the kinetic energy %mi‘2 and the potential energy g¢ is con-
stant if the potentials are not explicitly time-dependent. The terms involving the vector
potential A cancel from the Hamiltonian, consistent with the fact that the magnetic force

does no work on the particle.

Just as the canonical momentum contains the term A, the Hamiltonian contains the
term g¢. Both describe the interaction between the particle and the field: g¢ contributes
to the particle’s energy and gA to its canonical momentum. Neither the Hamiltonian nor
the canonical momentum includes the energy or momentum of the external field itself,
whose energy density is %60E2 + ﬁBQ. This is because the Lagrangian (1.36) describes a
particle moving in prescribed fields, and does not account for the dynamics of the fields.
A complete description of the system requires a Lagrangian that includes the particle, the
field and their interaction, as discussed in section 1.2.6. We will also see in the context
of relativity that q¢ and gA combine into a single four-vector, in the same way as energy

and momentum combine into the four-momentum.
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Chapter 2

Groups and the Lorentz

transformation

If two transformations preserve the invariance of a geometrical figure, then applying one
transformation followed by the other will also preserve the invariance of the figure. Simi-
larly, two transformations that leave the laws of physics unchanged can be performed
successively, resulting in another transformation that maintains the same invariance. Fur-
thermore, every transformation has an inverse that undoes its effect. More generally, a set
of transformations associated with symmetries forms a group, which is the focus of this

chapter!.

2.1 Introduction to groups

2.1.1 Definition

A group G is a set equipped with an internal operation denoted by - and commonly
referred to as multiplication (though it may not be a multiplication in the usual sense).

This operation satisfies the following properties:
(a) Closure: Vg1,920 € G, g1-92 € G,

(b) Associativity: V g1,92,93 € G, g1-(92-93) = (91 92) - 93,

(c) Identity element: 3e € G /Vg € G, e-g=g-e=g. This element e is called the
identity.

(d) Inverse element: Vg € G, 3h € G /g-h=h-g=e. This element h is called the

inverse of g and is usually denoted by ¢—!.

'For further reading, refer to the chapter Groups and Representations in Prof. Andre Lukas’ second-year
Mathematical Methods Lecture Notes
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The identity element and the inverse of each element are unique. Indeed, if e and €’ are
both identity elements, then e = e¢ - ¢/ = ¢/. Similarly, if h and A’ are both inverses of g,
then h = h-(g-h') = (h-g)-h = h'. Using associativity together with properties (c)
and (d), we also have, Vg1,92 € G, (95" -97') - (91-g2) = e and (91-92) - (95" -9 ') = e,
which means that g;l -gfl = (g1-g2)" L.

The multiplication is not necessarily commutative. However, if it is, meaning that,

Vgi,92 € G, g1-92 = ¢go- g1, then the group is said to be commutative or abelian.

A group may have either an infinite number of elements (whether countable or not), or a

finite number N of elements. In the latter case, N is referred to as the order of the group.

2.1.2 Examples

Groups are of central importance in mathematics and are not always related to transfor-

mations. Here are a few examples:

e Group (Z,+) of all integers (positive, negative and zero) under the operation of
addition. This group is countably infinite, meaning that while the number of elements
is infinite, there exists a bijection between Z and the set of natural numbers N =
{1,2,3,...}.

e Group (R*,-) of non-zero real numbers under the operation of multiplication. This

group is uncountably infinite.

e Cyclic group Cy of the complex numbers e2™/N with p = 0... N —1 under the oper-

ation of multiplication. This group is abelian and finite, with order N. The element
g = e2im/N Nfl)

can be derived from it. More generally, any element e

is a generator of the group, as all the elements (e =4¢%9.6%¢%...,9
2imp/N with p coprime to N is

also a generator.?

e Permutation group Sy of N objects. This group is non-abelian if N > 3 and is
finite, of order N!

In this chapter, we will focus on groups whose elements are transformations, which are
particularly significant in physics. Among these are the groups of translations 77, and the
groups of rotations R, in n-dimensions. The internal operation for these groups is the

composition of transformations, meaning performing one transformation after another.

2This notion of a generator, as an element whose powers produce the whole group, should not be
confused with the generators of a Lie group introduced in section 2.3, which are in general not elements
of the group.
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2.1.3 Groups of matrices

Groups of matrices under multiplication are particularly important in physics because
they provide a formal framework for representing transformations, as will be discussed in
the next section. Two groups that will be especially useful in this course are O(n) and

SO(n).

The O(n) group

Known as the orthogonal group, it consists of all n xn orthogonal matrices. These matrices

M are real and satisfy M~! = MT. We verify that they form a group:

(a) Closure: if M; and My are orthogonal, then (MyMs)™" = My ‘M = M M =
(MlMg)T, demonstrating that M;j M, is also orthogonal.

(b) Associativity: matrix multiplication is associative in general, so it is associative for

orthogonal matrices in particular.

(c) Identity element: the identity matrix I is orthogonal and therefore an element of the
group.

(d) Inverse element: if M is an orthogonal matrix, then M~! = MT. This implies
that (M_l)_1 = (MT)_1 = (M_l)T, using the fact that the transpose and inverse

operations can be interchanged for any invertible matrix. This demonstrates that

M1 is itself an orthogonal matrix.

Since det (M T) = det (M) and an orthogonal matrix M satisfies M "M = I, we have
det (MTM) = det (M) det (M) = det (M)? = 1. Therefore, det (M) = +1.

We now focus on the n = 2 case, and express a matrix in O(2) as:

b d —eb
M = (a ) , sothat M~ = (6 ‘ ) (2.1)
c d —ec  €a

with e = det (M) = ad — bc = +1. The condition M~' = M T implies that b = —ec and
d = ea. Therefore det (M) = ¢ (a2 + 02). Since this is equal to €, we have a® + ¢? = 1,

allowing us to define 8 such that a = cosf and ¢ = esin . This gives:

M= (cos@ —sin@) ' (2.2)

esinf ecosf

If € = +1, this matrix represents a counterclockwise rotation by an angle § around the

origin, applied to a vector in Cartesian coordinates. If e = —1, we can write M = PM’

with:
1 0 § —sinf
= cand M/ = [V TERTY) (2.3)
0 -1 sinf cosf

In this case, M represents a rotation by an angle 6 around the origin, followed by a

reflection about the z-axis.
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The SO(n) group

Known as the special orthogonal group, it is the subgroup of O(n) which contains all n x n

orthogonal matrices with determinant equal to 1. Once again, we verify that they form a

group:

(a) Closure: if My, My € SO(n), they are in particular orthogonal, and we have already
shown that Mj My is then also orthogonal. Furthermore, since their determinants
are both equal to 1, det (M;My) = det (M) det (Ms) = 1.

(b) Associativity: as in the O(n) group, matrix multiplication is associative.
(c) Identity element: the identity matrix I is orthogonal and has a determinant of 1.

(d) Inverse element: if M is orthogonal, we have already shown that M~! is also or-
thogonal. Additionally, det (M)det (M 1) = det (MM ') = det (I) = 1, implying
that det (M ') = 1/det (M). Therefore, if the determinant of M is equal to 1, so is
the determinant of M 1.

In the case n = 2, SO(2) is the subgroup of O(2) for which e = +1. As noted above, and
as will be shown in section 2.2.2, the matrices in SO(2) represent rotations in Cartesian

coordinates.

2.2 Representations

We mentioned earlier that the matrices in O(2) and SO(2) represent certain transforma-

tions in Cartesian coordinates. This leads us to the topic of representations.

2.2.1 Definition of a representation

In simple terms, a representation connects each element of a group to a specific operation
that applies to vectors in a space. These operations are consistent with the group’s struc-
ture and reversible. More formally, a representation of a group G is a way of expressing
the elements of the group as linear, invertible operators acting on a vector space. If this
vector space has a finite dimension n, then once a basis is chosen, any linear operator can
be represented by an n x n matrix. Consequently, the representation of G' can be viewed
as a correspondence between each element g of the group and an n x n matrix, denoted by
M(g). Since the operator is invertible, the matrix M (g) must be non-singular, meaning
det (M(g)) # 0 so that [M(g)]™" exists. Denoting by - the internal operation of G, the

representation must also satisfy the following property:

Vg,¢ € G, M(g‘g/):M(g)M(g'). (2.4)

This ensures that the representation preserves the group structure, meaning the matrices

M (g) defined in this way form a group under matrix multiplication.
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We can demonstrate this as follows:

(a) Closure: if M (g) and M (¢') are the matrices associated with the elements g € G and
g € G, then the relation above shows that the product M (g) M (¢’) is associated
with the element ¢g- ¢’ € G.

(b) Associativity: matrix multiplication is associative in general, so it is associative for

these matrices in particular.

(c) Identity element: if e is the identity element of G, then equation (2.4) implies that
M(e)M(9) = M(e-g) = M(g). Similarly, M (g) M (e) = M(g-e) = M(g).
Therefore, M (e) is the identity element of the group formed by the matrices M (g).
Additionally, since these matrices are invertible, M (e) M (g) = M (g) implies that
M(e) = M (g)[M (9)]"* = I. Thus, the matrix associated with e is the identity

matrix.

(d) Inverse element: equation (2.4) gives M (g) M (g7') = M (g-g7') = M (e) = 1.
Similarly, M (¢~') M (g) = I. Therefore, the inverse of M (g) is [M (9] =
M (gfl)7 which is the matrix associated with the element ¢g~! € G.

Note that the correspondence g — M (g) need not be one-to-one: several elements of G
may be associated with the same matrix. For example, setting M (g) = I for every g € G
trivially satisfies equation (2.4). This is called the trivial representation. A representation

in which distinct elements of G are associated with distinct matrices is said to be faithful.

2.2.2 Examples
Group of real numbers under addition

Consider the group (R,+) of real numbers under the operation of addition. Any real

number a can be represented by the matrix:

p-(1Y)

We verify that D(a)D(b) = D(a+b), ensuring that equation (2.4) is satisfied. The identity
element of (R,+) is 0 with D(0) = I. Therefore, the matrices D(a) are a representation
of the group (R, +). We will revisit these matrices when discussing the group of Galilean

transformations.

Group of rotations

There are different but equivalent ways to define what we mean by a rotation. We can
either describe a rotation as a transformation acting on vectors, or by the properties it

preserves, such as the norm and the angle between vectors.
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We first define a rotation by its explicit transformation of a vector in two-dimensional

R(0) = (cos@ —sin@) . (2.5)

sinf cosf

space:

As shown in section 2.1.3, any matrix in SO(2) can be written in this form for some angle
¢, and therefore represents a rotation in two dimensions. Conversely, the group R(y) of
rotations in two dimensions can be represented by SO(2): each element of R 5y corresponds
to a unique matrix R() in SO(2), with § defined modulo 2.

Performing two successive rotations by angles 6 and 6’ is equivalent to a single ro-
tation by 6 + 6. Therefore, equation (2.4) requires that R(0+6) = R(0) R(#'). It is
straightforward to verify that this relation holds, confirming that the matrices R (6) form
a representation of the rotation group. This discussion generalises naturally to any dimen-
sion n, where rotations are represented by the matrices of SO(n). For n > 3, however, a
rotation is no longer described by a single angle, and rotations about different axes do not

commute, as we will see in section 2.3.

Alternatively, we can define a rotation by what it preserves, namely, the norm and the
angle between vectors. We now demonstrate that matrices in SO(2) have these properties,

and therefore correctly represent rotations.

Consider a vector r = v in Cartesian coordinates. Rotating r by an angle 6 around
the origin gives: ’
o <£L':> _ (c.ose —sin@) (x) _ R(O)r.
Y sinf cosf Y
The squared norm of r is |[r||> = r'r, where r' = (z,y) is the transpose of r. The

squared norm of v’ is ||I'|2 =’ 't/ = (Rr) " Rr =" R" Rr, where the dependence on 6 is
understood. Since R is orthogonal, we have R R = I, so ||r’|| = ||r||. Therefore, the norm
is conserved.

The angle a between two vectors r; and ro is defined by their scalar product: cosa =
r{ ra/ (||r1]|||r2]]). Since R preserves the norm, it will also preserve the angle if it conserves
the scalar product r{ry. We have rj'ry = (Rr;)" Rry = r{ R" Rry = r]ry. Therefore,

the angle between r} and r), is the same as the angle between ry and rs.

We have shown that the matrices of SO(2) leave both the norm and scalar product
invariant, confirming that they provide a representation of rotations in two dimensions.
Conversely, if we require a matrice R representing rotations to conserve the scalar product
(and therefore the norm), it must satisfy RTR = I and therefore belong to the O(2)
group. Indeed, if r] RTRry = r]ry for all r; and ry, choosing them among the basis
vectors (1,0)" and (0,1)" shows that each coefficient of R' R equals the corresponding
coefficient of I. Moreover, as shown in section 2.1.3, only the matrices in O(2) with
determinant +1 correspond to rotations; thus, the group representing rotations in two

dimensions is SO(2).
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In summary, rotations can be defined either directly through the transformation R (6),
or by specifying that they leave the norm and scalar product invariant, which implies
that their representation must be orthogonal matrices. To distinguish rotations from
reflections, we must additionally require that these matrices have a determinant of +1.
These two viewpoints are equivalent and both establish SO(2) as the representation of the

rotation group in two dimensions.

2.3 Lie algebra and generators

The discussion of the group of rotations leads to an important question: if we define
a transformation by specifying that it leaves certain quantities invariant, can we derive
the representations of this transformation? For rotations in two dimensions, we have
shown that the invariance of the scalar product requires R' R = I. In section 2.1.3, we
demonstrated that this condition imposes specific relationships between the coefficients
of the matrix. However, is there a more general method to derive the matrix given the
condition R" R = I, which would be especially useful for dimensions greater than two?
This section addresses these questions by introducing the concept of Lie algebra, which
allows us to view a transformation as a succession of infinitesimal transformations. This
approach is applicable only to continuous groups of transformations, where it is possible
to find elements that are infinitesimally close to the identity. These groups are known as

Lie groups.

2.3.1 The SO(2) group

Consider a rotation by an infinitesimal angle around the origin. Without loss of generality,
this can be represented by a matrix R = I + X where X is first-order in the infinitesimal
angle. We define rotations as transformations that leave the scalar product (and therefore
the norm) invariant. As shown above, this condition implies RT R = I. To first order in
the infinitesimal angle, this yields I + X" + X = I, and therefore X' = —X, meaning

that X is antisymmetric. This implies that X is proportional to the following matrix:

0 -1
J:(l o)’ (2.6)

and since X is first-order in the infinitesimal angle, the factor, which we denote as §6, is
proportional to this angle (we will show a posteriori that 66 is indeed the infinitesimal

angle). Therefore, to first order in §6:

1 —d0
R=1+460J = . 2.7
(60 1 ) 2.7)
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x
Applying this transformation to a vector r = > in Cartesian coordinates results in a
Yy

new vector r’ where ' = x — 60y and 3y’ = y + 60z. This recovers the geometric definition
of a rotation, confirming that §6 is indeed the rotation angle. From now on, we denote
the matrix as R (d6).

Lie algebra is based on the idea that a rotation by an angle 6 is equivalent to per-
forming N rotations by infinitesimal angles 66 = #/N. In the limit as N — oo, these two
approaches are equivalent. The matrix representing the rotation by an angle 6 is then

given by?:

R(0) = lim [R(00)]Y = lim <I+§[J)N:e9°7, (2.8)

N—4o00 N—+o00

where the exponential is defined by:

400 k
7 =3 (9;) : (2.9)
k=0
The matrix J is called the generator of the rotation group. More generally, the vector
space spanned by the generators of a group, equipped with the commutator introduced in
section 2.3.3, is known as the Lie algebra of the group. In this specific case, the generator

is an element of the group, though this is not generally true for all groups.

Since J2 = —I, we have J?" = (—1)"I and J?"*! = JJ?* = (—1)"J. Therefore, we can

separate the contributions from the odd and even powers in the exponential series (2.9),

yielding:
+oo 02k +00 92k+1 .
0) = . 2.1
LORD SEANEITRS st e 210
cos 0 sin«9

Inserting the values of I and J, this gives:

R(§) = <C?Se _Sme> . (2.11)

sinf cosf

3We use the relation e = limy_s 400 I+ A/N)N7 valid for any square matrix A. To prove this, we use

the binomial theorem which gives, since I and A commute:
N

)

k=0 =0

Each coefficient N (N — 1) (N —k 4+ 1)/N* lies between 0 and 1 and tends to 1 as N — +o00, so that
limy 1 oo(I + A/N)N 5o AR K = e
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Thus, using only the requirement that certain quantities remain invariant under the trans-
formation, we recover the matrix obtained earlier through geometric arguments. Although
we only imposed the condition that the matrix be orthogonal, without explicitly requiring
a determinant constraint, we still obtain matrices with a determinant of 1, which belong
to SO(2). This is because, by assuming that for infinitesimal transformations R was in-
finitesimally close to I, we excluded reflections and thus ruled out matrices that satisfy

the orthogonality condition but have a determinant of —1.

2.3.2 The SO(3) group

The Lie algebra of SO(2) is one-dimensional, meaning there is only one generator. This
is because only one parameter is needed to describe a rotation around a fixed point in a
plane. In general, the number of generators corresponds to the number of independent
parameters required to describe all the transformations within the group. We now examine
rotations around an arbitrary axis in three dimensions.

As before, we define a rotation in three dimensions as a transformation that preserves
the scalar product, implying it is represented by a matrix R that satisfies RT R = I. For
an infinitesimal rotation by an angle §6 around a unit vector n, R can be written as
R(60,0) = I + X, with X7 = —X. In two dimensions, any antisymmetric matrix is a
multiple of J. In three dimensions, X can be expressed as a linear combination of the

following three matrices:

0 0 01 0 -1 0
Jo=10 0 -1, Jy=]10 0 0|, J.=|1 0 Of. (2.12)
1 0 -1.00 0

Therefore, X = 00,J, + 00,Jy + 60.J,, where the matrix I + §0,J, corresponds to a

rotation by an angle 46, around the z-axis, and similarly for the y- and z-terms.

To relate §6,, 66, and 06, to 66 and N, we write the rotation matrix R(06,n) = I+ X as:

1 —86. 40,
R0, 0) = | 60, 1 —46, |- (2.13)
—56, 60, 1

We then show that, for this matrix to represent a rotation by an angle §6 around the
unit vector n, its components must satisfy §0; = n;66 for i = x, y or z. To see this, we
note first that n remains invariant under the rotation, meaning Rnh = n or, equivalently,
Xn = 0. Since Xv = (60,,00,,60,) x v for any vector v, as can be checked from
equation (2.13), the condition Xn = 0 implies that the vector (06,,06,,066,) must be
parallel to n, with a proportionality coefficient we denote as A. A vector u therefore
transforms as Ru = u+ An x u. For a vector u perpendicular to n, with norm u = ||ul,
the norm of Ru—u should be u 46 for an infinitesimal rotation by an angle 46, which gives
|A| = 06. Choosing the rotation to be counterclockwise about n (right-hand rule), as for

J in two dimensions, fixes the sign and we obtain A = 46.
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The matrices J;, J, and J, serve as the generators of the SO(3) group and form its
Lie algebra. Since there are three independent parameters required to describe a rotation
in three dimensions, there are three corresponding generators. Note that the determinant

of each of these matrices is 0, so they do not belong to SO(3) themselves.

Following the reasoning from the previous section, we can decompose a three-dimen-
sional rotation by an angle 8 around the vector n into a sequence of infinitesimal rotations
by angles §6 = 6/N around n, with N — +oo. Each of these infinitesimal rotations is

associated with the matrix R(d6, 1), which can be written as:

0 0 0
R(86,0) = I + 60n,J, + 600, Jy + 60n.T. = I + ~=npdy + ~=nydy +

N N N
The matrix representing the rotation by an angle 8 around n is then:
R(0,0) = lim [R(60,n)) = lim <I + ﬁnxe + ﬁnny + eanz>N. (2.14)
Notoo N—+oo N N N
This leads to:
R (0, 1) = InadetOnydyton.Jz _ 0T (2.15)

where J is defined through n-J = n,J, +nyJy +n.J..

Note that this does not represent a combination of finite rotations around the z-, y- and
z-axes by angles 6n,, On, and On,. While it is possible to express a rotation by an angle ¢
around N as a succession of three finite rotations around the z-, y- and z-axes, the angles
around each of these axes (known as Tait-Bryan angles, a variant of the Euler angles) are

generally different from 6n,, On, and On. as defined above.

To determine the coefficients of the matrix R (6,n), we expand the exponential as

follows:

+oo ~ k
A (0n - J)
e — kg - (2.16)
=0

Using the expressions for the matrices J; given in equations (2.12), we obtain:

0 Ny Ny
n-J=1\| n, 0 —ng|- (2.17)
—Ny Ny 0

Given that n2 +n§ +n2 =1, it follows that (i - J)* = —A-J (note that this does not imply
that the square of the matrix equals minus the identity, as the matrix is not invertible).
Therefore, for k > 1, we have (A -J)** = (=1)*1 (4. J)? and (A - J)** ' = (—1)F'a.J.
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By separating the contributions from the odd and even powers in the exponential

series (2.16), we obtain:

I g2k . ) I g2kt -
R(0,0) :1_; (%)!(_1) (i-J) +;(%_1)!(—1) n-J, (2.18)
which simplifies to:
R(6,) =TI+ (1—cost)(n-J)*+sinfn-J. (2.19)

This is known as Rodrigues’ rotation formula.

2.3.3 Commutators

The group of rotations is non-commutative, meaning that performing one rotation followed
by another is generally not equivalent to performing them in the reverse order. Consider
two infinitesimal transformations M = I+ X and M’ = I + X’ (not necessarily rotations).
These transformations commute if MM’ = M’'M, which implies XX’ = X'X. We define

the commutator as the matrix:
(X, X=XX"-XX. (2.20)
Thus, the transformations commute if [X, X'] = 0.

For the rotation group SO(3), the commutation relations are [J;, Jy| = J, [Jy, J.] = Ju

and [J;, J;] = Jy, demonstrating that rotations do not commute.

Combined with equation (2.15), this implies that, for two matrices A and B, e4eB
is generally not equal to eA*5. The equality holds if A and B commute, but not in
general otherwise. This can be illustrated by considering a rotation about the x-axis by
an angle ¢, and a rotation around the y-axis by an angle 6, represented respectively by
R, = e%7= and R, = ey Performing the z-rotation followed by the y-rotation gives
RyR, = e¥Jyelste If this were equal to €%2/++9% 7y then the order of the rotations would

not matter, and the rotations would commute.

An important result when working with Lie algebras is the Campbell-Baker-Hausdorff
(CBH) theorem, which states that for two elements A and B of a Lie algebra:

efeB = ef, (2.21)

where

C=A+B+ %[A, B] + % ([A,[A, B]] — [B,[A, B]]) + higher order terms. (2.22)

This formula applies to any two square matrices A and B, but the series in equation (2.22)
is only guaranteed to converge when A and B are sufficiently small (in the sense of a matrix

norm), as is the case for transformations close to the identity.
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The CBH formula highlights the significance of the commutator. Returning to the
rotations R, and R,, if they commuted, we would have R,R, = R,R,, which implies
(R.R,) ' RyR, = R;'R;'RyR, = I. In other words, performing the z-rotation, then
the y-rotation, then undoing the z-rotation and finally undoing the y-rotation would return
the system to its initial state. We can evaluate this product explicitly, noting that R, ! =
e %27z and Ry_1 = e %y, Using equations (2.21) and (2.22) to second order in the (small)

angles gives:

1
RyR$ = 891J1+9ny+5919y[Jy»Jz]7

R;lR;1 _ efeszenyJr%ezey[Jy,Jz]‘

Therefore:

—1p—1 050y Jy,Jz] _ —020yJ-
R, R R R, = P 0lulel = o= 0x0u 72

which represents a rotation by an angle —6,.0, around the z-axis. The commutator
therefore specifies the infinitesimal transformation that arises when the order of two non-

commuting rotations is reversed.

2.4 Galilean and Lorentz transformations in mechanics

Consider three observers moving with respect to each other. The laws of physics as seen
by observer j are a transformation 7'(i — j) of the laws seen by observer i. Transforming
from observer 1 to observer 2, and then from observer 2 to observer 3, must yield the same

result as transforming directly from observer 1 to observer 3. In other words:
T2—-3)T(1—2)=T(1—3).

This indicates that the transformations T' form a group. Consequently, we can generate a

representation of this group using Lie algebra to derive the transformations.

2.4.1 The Galilean group

The Galilean group consists of transformations between reference frames that preserve the
time interval between two non-simultaneous events, as well as the distances between two

events occurring simultaneously.

Boost in one dimension

Consider a frame (S), with origin O, in which a point mass is located at position z on
the z-axis at time ¢. Now, consider another frame (S') that moves along the z-axis with
velocity —v relative to (S), that is to say towards decreasing z for v > 0, with its origin O’
coinciding with O at ¢ = 0. We synchronise the time origin in (S’) with that in (S). This
type of transformation, where only the velocity of the reference frame changes, is called a

boost.
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Since O’ is located at x = —wvt in (S), a Galilean transformation between these two frames

is characterised by ¢ = t and 2’ = x + vt.* If we define a spacetime position vector in

t
(S) asr = , then the Galilean transformation from frame (S) to frame (S') can be

D(v) = (i ?) : (2.23)

represented by the matrix:

which acts on the vector r, since D (v) r = r’. The property D(v)D(v') = D(v+') reflects
the fact that transforming to a frame moving at velocity v, and then to another frame
moving at velocity v’ relative to (S'), is equivalent to moving directly to a frame moving

at velocity v + v’ relative to (S). This is the well-known composition of the velocities.

If we consider a transformation to a frame moving with an infinitesimal velocity dv,

then D = I + 6vX, where:
X = <0 0) , (2.24)
10

is the generator of the group of Galilean transformations in one dimension. Since X? = 0:

+oo k
X
D(v) = "X = E (vk') =I1+vX,
k=0 )

as expected.

Boost and translations in one dimension

Now, consider a boost together with a translation in space and time. Let frame (S’) have its
origin O" at & = —xp at t = 0 (¢ > 0), with the origin of time in frame (S’) corresponding
to t = to in frame (S). The Galilean transformation then results in 2/ = z + vt + x¢ and
=t —tq.

We observe that while the boost results only in a homogeneous term, the translations

introduce inhomogeneous terms. To manage these, we extend the usual spacetime position
1

vector to s = | t |. This extension allows us to incorporate translations into linear

x
transformations via matrix operations.

4We will use the opposite convention for the Lorentz transformation in section 2.4.3, where (S’) moves

towards increasing x with velocity 4wv.
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Specifically, the Galilean transformation from frame (S) to frame (S’) can be represented

by the following matrix:

1 00
M (v,tg,z0) = | —top 1 0], (2.25)
To v 1

which acts on the vector s. Transforming from frame (S) to frame (S) and then to frame

(S”) transforms s into s” such that:

1 1 0 0 1 00 1 1 0 0 1
==t 1 0|t 1 0|]¢t]= —tg— 1) 1 o],
z" zy, v 1 zo v 1 z xo+ap—vty v+ 1 x

where v/, z(, and t;, are related to the transformation from frame (S') to frame (S”). The
3 x 3 matrix on the right-hand side represents the transformation from frame (S) to frame

(S”), characterised by the following parameters:
to=to+1ty, V' =v+, z)=m0+ 35— V't0.

It is clear that the group is not commutative, meaning the order in which the transforma-

tions are performed matters.

We can construct the Lie algebra by writing the matrices associated with each of the

infinitesimal transformations®:

M (6v,0,0) = I + ovXg, M(0,6ty,0) =1+ dtoXg, M (0,0,0z9) = I+ dzoXp,

with:
0 00 0 0 O 000
Xgk=10 0 0|, Xgp=1]1-1 0 0], Xp=1]10 0 O (2.26)
010 0O 0 O 1 00

For an arbitrary infinitesimal transformation, we have:
M (6w, dtg, 0xg) = I + v Xk + 0t Xy + dxoXp.

Since X2 = X%I = XIQD = 0 and the product of any two of these matrices is zero, except
for XXy = —Xp, each exponential reduces to its first two terms, e.g. e"X% = + v Xx,

and a general transformation can be written as a product of exponentials:

M (v, tg, 20) = e'0XH VXK e0XP — (T 4t X 5) (I + v X ) (I + 20Xp). (2.27)

5The subscript ‘K’ for the generator associated with a boost signifies kinematic transformations, as
boosts are related to changes in velocity. The subscript ‘P’ is used for the generators of spatial translations
because they are generated by the momentum operator. Finally, the subscript ‘H’ refers to the Hamiltonian,

which is the generator of time evolution.
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The order of the factors matters, since the Galilean group is non-commutative. For exam-

ple:

(I +toXy)(I +vXg)(I +20Xp) yields 2’ =+ vt + x,
(I +vXg)I +toXy)I +20Xp) yields 2/ =z +v(t —ty) + 0.

For the same reason, exponentiating the sum of the generators does not give M (v, g, xo)
with the same parameters: since (vXf +toX g +29Xp)? = —vtgXp and all higher powers

vanish:
evXK+tOXH+x0XP =TI+ vXg+teXyg+ ($0 — %Uto) Xp=M (’U, to, To — %’Uto) .

This is analogous to the remark made in section 2.3.2 about rotations about the z-, y-

and z-axes.

Galilean transformations in three dimensions

So far, we have only considered a single spatial dimension. However, in three dimensions,
the coordinate axes of (S') could be rotated relative to those of (S), the velocity of (S')
relative to (S) could have any direction, and the origin of (S’) could be shifted by a vector
(20, Y0, 20). Consequently, the spacetime position vector and the transformation matrix

take the following form:

1 1 0
t to 1
s=|z|, M= Ty Vg , (2.28)
y Yo vy R
z 20 Vs

where R is the rotation matrix. There are now 10 parameters describing a transformation:
3 for rotations, 3 for boosts, 3 for spatial translations and 1 for the time translation.
Consequently, there are 10 generators in the Lie algebra, each represented by a 5 x 5
matrix. We can derive these generators by considering an infinitesimal transformation

associated with each parameter in turn.

A translation of time by an infinitesimal amount §t( results in a matrix transformation
M =1+ 6tg Xy, where X7 is a 5-dimensional extension of the 3 x 3 matrix given in the

previous section:

0 0
-1 010
Xy = 00 : (2.29)
00 0
0 0
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Similarly, spatial translations are associated with the generators Xp,, Xp, and Xp., while
boosts are associated with the generators Xg,, Xgy and Xg.. All of these generators

can be derived in the same manner as Xp and X were calculated above. For example:

0010 00| 000
0010 0 0 0
Xpy = 10 y XKoo= 0 1 (2.30)
0 0 0 0 0 0
0 0 0 0

For the rotations, the generators X j,, with ¢ = x, y, z, are those calculated in section 2.3.2
for the SO(3) group, but extended to 5 x 5 matrices:

00 0 0
00 0 0
Xy, = 00 (2.31)
00 Ji
00

General transformation matrices can be derived from these 10 generators using the same

method applied in the simpler cases discussed above.

We can gain insights into the nature of the Galilean transformations by examining
their commutation relations. If two generators commute, it means that the associated
transformations do not interfere with each other. Conversely, if they do not commute,

their effects are interdependent.

o [X;,X Jj] = €;j1 X, performing infinitesimal rotations about the 7 and j axes, and
then undoing them in the same order, results, to second order, in a rotation about

the k axis,
o [X,, Xp,] = €ijr Xp,: rotations mix the directions of spatial translations,

o [XJ, XK;] = €ijx Xk, rotations mix boost directions, reflecting the fact that boosts

transform as vectors under rotations,

o Xp,X pj] = 0: spatial translations in different directions are independent,

e [Xp, Xk;] = 0: boosts and spatial translations operate independently, consistent
with the fact that v and zg are independent parameters in the transformation ma-
trix (2.25),

o [Xk,, XKk;] = 0: successive boosts in different directions do not interfere, a key

feature of Galilean relativity,
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o [X;,Xpg] =0 and [Xp,Xy] = 0: time translations are decoupled from spatial

transformations, again consistent with Galilean relativity,

o [Xk,,Xu]=—Xp,: boosts and time translations are related to spatial translations,
as seen from the transformation matrix (2.25), where the term vt produces a spatial
shift.

All these commutators are linear combinations of the generators, that is to say elements
of the Lie algebra. This closure of the Lie algebra under commutators is consistent with
the fact that the Galilean transformations form a group: the product of any two elements
(whether they are rotations, boosts, translations, or a combination) is another element of

the Galilean group.

2.4.2 Relativistic mechanics: invariance of the spacetime interval

The fundamental principle of the Galilean transformation is the universality of time. As
discussed earlier, a Galilean transformation preserves, on the one hand, the time interval
between two events and, on the other hand, the distance (A:U2 + Ay? + AZ2)1/2 between
two events occurring simultaneously. In three-dimensional Euclidean space, the position
vector has coordinates (z,y, z) and the invariance of the distance between two events can
be seen as the invariance of the length of the displacement vector between two locations

in space.

In contrast, the Lorentz transformation is based on the inseparability of time and
space, as we exist in a four-dimensional Minkowski spacetime. In this spacetime, there
are four coordinates (ct,x,y, z), with time intrinsically linked to the spatial coordinates.
Additionally, because the geometry of Minkowski spacetime is hyperbolic rather than
Fuclidean, the quantity preserved under a Lorentz transformation is the spacetime interval,
As? = —?At? + Ax? + Ay? + A2?, rather than the more familiar squared displacement
length, c2At? 4+ Ax? 4+ Ay? + Az%. This means that in a spacetime diagram (typically with
one spatial dimension = and the time dimension ¢), points undergoing a Lorentz boost
move along hyperbolic curves. This will be discussed further in chapter 3. For this reason,
Lorentz boosts are sometimes described as hyperbolic rotations, as will become apparent

in section 2.4.3, where they are expressed in terms of hyperbolic functions.

The need for the invariant As? to include a negative sign for the time term can be
understood by considering electromagnetic waves, which propagate in a vacuum at a con-
stant speed c¢ regardless of the observer’s frame of reference. Consider a frame (S) with
spatial coordinates (z,y, z) and time ¢. In another frame (S’) moving relative to (S), the
spatial coordinates become (', %/, 2') and time becomes ¢'. If the position of the wavefront
of an electromagnetic wave advances by Ar = (AmQ + Ay? + Az2)1/ 2 during the time
interval At in (S), then Ar = cAt, i.e. As? = —c?At? + Az? + Ay? + Az? = 0. Similarly,
in (S’), where the position of the wavefront advances by Ar’ during the time interval A¢’,
we have As’? = —c?At”? + Az'? + Ay? + Az"?> = 0. Therefore, the Lorentz transformation

from (t,z,y,2) to (t',2,y/, ') leaves As? invariant for electromagnetic waves in vacuum.
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This result is actually much more general, as will be discussed in chapter 3, and any As?

is invariant under a Lorentz transformation.

We define:
ct -1 0 0 O
0 1 00
s=|" , and g= , (2.32)
y 0 010
z 0 0 01

where the spacetime position vector s has ct as its first coordinate instead of just ¢, for
unit consistency, and where g is known as the Minkowski metric. The space defined by the
vectors s is called Minkowski space. The quantity that remains invariant under the Lorentz
transformation, As?, can be expressed as the product As'gAs. Letting L represent the
Lorentz transformation matrix, we have As' = LAs. Thus, As'T gAs' = (LAs) gLAs =
As"LTgLAs. Invariance requires this expression to be equal to As'gAs. Since this
condition must hold for any As, and both L' ¢L and g are symmetric matrices, it implies

the following requirement:

L'gL =g. (2.33)

As with Galilean transformations, the transformations between inertial frames in spe-
cial relativity can involve boosts (changes in velocity), rotations, and space and time
translations. The group that includes both boosts and rotations is known as the Lorentz
group SO(1, 3), while the group that also includes translations is called the Poincaré group
ISO(1,3) (Inhomogeneous Special Orthogonal group, where ‘inhomogeneous’ reflects the
fact that translations introduce inhomogeneities in the equations). Below, we describe the

Lorentz group.

Transformations that preserve the commonly defined squared length of the displace-
ment vector, c?At? + Azx? + Ay? + Az%, form the O(4) group. In contrast, Lorentz
transformations preserve As?, where the time coordinate carries a different sign than the
spatial coordinates. This difference is why the group of Lorentz transformations is labelled
as (1, 3) instead of (4).

2.4.3 The Lorentz group SO(1,3)

Just as we derived the matrices R of SO(3) by solving R" R = I, we now seek the matrices
L that satisfy equation L' gL = ¢g. Taking the determinant on both sides of this equation
yields det(L)? = 1, so det(L) = £1. As noted in section 2.3.1, the Lie algebra, which gen-
erates L from infinitesimal transformations, only produces matrices with a determinant of
1. These transformations are smoothly connected to the identity transformation, whereas
matrices with a determinant of —1 are not. Unlike SO(3), however, SO(1, 3) also contains
matrices that are not smoothly connected to the identity, such as —I, which reverses both

time and space. The Lie algebra therefore only generates the subgroup of SO(1,3) that
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is connected to the identity, known as the proper orthochronous Lorentz group SO (1,3),
whose elements also preserve the direction of time (the top-left coefficient of L is at least
1). As is common in physics, we will refer to this subgroup simply as the Lorentz group
and, with a slight abuse of notation, denote it by SO(1,3) in the rest of these notes. The
remaining elements of O(1,3) can be obtained by multiplying the matrices in SO™ (1, 3)
by g (time reversal), —g (spatial inversion) or —I, similar to how the matrices of O(2) are
derived from those of SO(2) by multiplying them by the matrix P, as defined in equa-
tion (2.3).

We now verify that the set of matrices satisfying equation (2.33) with a determinant

of 1 forms a group:

(a) Closure: consider two matrices L and Lo that satisfy equation (2.33). Using the
associativity of matrix multiplication, we find (Lng)T g(L1Ly) = L; (LngLl) Ly =
LjgLy = g, showing that L;Lo also satisfies equation (2.33). Additionally, if
det (L1) = det (Lg) = 1, then det (L1 Ls) = det (Ly)det (Lg) = 1.

(b) Associativity: matrix multiplication is associative in general, and thus it remains

associative for matrices that satisfy equation (2.33) in particular.
(c) Identity element: the identity matrix I satisfies I"gI = g and its determinant is 1.

(d) Inverse element: if L satisfies LT gL = g, multiplying both sides by (LT)f1 on
the left and by L~! on the right gives g = (LT)_1 gL™! = (L‘l)TgL_l, showing
that L' also satisfies the condition. Additionally, since det (L™') = 1/det (L), if
det (L) =1, then det (L™') = 1.

This confirms that the matrices satisfying equation (2.33) with a determinant of 1 form a

group.

Generators

Each Lorentz transformation is characterised by 6 parameters: three for rotations and
three for boosts. Consequently, there are six generators in the Lie algebra. Rotations
leave time unchanged, whereas boosts mix the time and spatial coordinates, so that As?,
rather than the time interval and the spatial distance separately, remains invariant.

We first observe that if a transformation matrix L leaves time invariant, the require-
ment that it preserves —c?At?+Ar? implies that it must also preserve Ar2. This condition,
along with det(L) = 1, implies that the spatial part of L corresponds to a rotation matrix
R from SO(3). Therefore, any transformation that affects only the spatial coordinates

must be a rotation, and its matrix takes the following form:

(2.34)

o o ol
=
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The generators of these transformations, denoted as X, for i = z,y, 2, are those derived

in section 2.3.2 for the SO(3) group, but extended to 4 x 4 matrices:

0 00

X, = (2.35)

Ji

o O O o

Next, we determine the generators associated with boost transformations. For an
infinitesimal boost dv, along the x-axis, the transformation matrix is expressed as L =
I+ e, K,, where K, is a 4 X 4 matrix and €, is an infinitesimal quantity. Here, we choose
both €, and the coefficients of K, to be dimensionless. As discussed in section 2.3.1 in
the context of two-dimensional rotations, we do not have prior knowledge of the exact

relationship between ¢, and dv,. We only know that e, o« dv, to first order in dv,.

Equation (2.33) then implies that [I + e, K,]" g[I + €2Kz] = g. To first order in dv,,
this yields K| g = —gK,. Since the boost is along the z-axis, we have 3 = y and 2’ = 2,

so K, must take the form:

(2.36)

S O Qa9
o o o o
o O O O
o O o O

Applying the condition K, g = —gK, leads to a = ¢ = 0 and b = d. This allows us to

determine the generator X, , from which K, can be derived:

0100
1 000
X = 2.37
=100 00 (2.57)
00 00
Similarly, the generators for boosts along the y and z-axes are:
0010 0 001
0000 00 00
Xk, = and Xg, = 2.38
7110 0 0 71000 0 (2.38)
00 00 1 0 00
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General transformations

Having established all the generators of the Lorentz group, we can now express any trans-

formation matrix L, incorporating both rotations and boosts, as follows:

L = ePaXa+0y Xy 0= X, =G Xrcy =Gy Xrey =G X, (2.39)

Here ((z,(y,¢-) is known as the boost vector. This means that a boost by (, in the z-
direction is achieved through a sequence of infinitesimal boosts €,, and similarly for the y

and z-directions. The choice of the minus sign will be explained later.

In the case of the Galilean transformations, knowing the transformation in advance
allowed us to directly equate the boost vector with the velocity vector. For Lorentz
transformations, two successive boosts along the same axis combine by adding their pa-
rameters, since e~ $* XKz e G XKe = oG+ XK | If the boost parameter were equal to the
velocity, velocities would simply add when transitioning through successive moving frames,
and could exceed the speed of light. Consequently, the boost vector cannot be directly

equated with the velocity vector. The relationship between the two will be derived below.

Commutation relations

As is evident from the form of the generators, rotations only affect the spatial coordinates,
while boosts mix spatial and time coordinates. The rotations alone form the SO(3) group.
However, boosts alone do not constitute a group. This is illustrated by the commutator
[(Xk,, Xk,] = —X., which shows that performing successive boosts in different directions

results in a rotation.
More generally, the commutation relations of the Lorentz algebra are:

o [Xy,Xy;] = €jx Xy,: rotations about different axes do not commute, as in the

Galilean group,
o X, X Kj] = €jjx Xk, rotations mix boost directions, as in the Galilean case,

o [Xg,, Xk;] = — € X, unlike in the Galilean group, this commutator is non-zero,

showing that successive boosts in different directions generate a rotation.

As for the Galilean group, these commutators are linear combinations of the gener-
ators, that is to say elements of the Lie algebra. This closure of the Lie algebra under
commutators is consistent with the fact that the Lorentz transformations form a group:
the combination of any two elements (whether rotations, boosts, or their combinations)

results in another element of the Lorentz group.
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Boosts

Now, assuming there is no rotation and only a finite boost (, along the z-direction, we
denote the transformation matrix as A, instead of L. Following the same method used in

section 2.3.1 for the SO(2) group, we obtain:

IX
Ay = e SXre — [ 4 Z —Ge Xre,)" (2.40)

where I is the 4 x 4 identity matrix. Given that (XKI)2 = I59, where:

IQ><2 == 5 (2.4:].)

o O O
o O = O
o O o O
o O O O

we find that, for k > 1, (Xg, )% = Ly and (Xg, ) ' = Xk, .

Therefore, we can separate the contributions from the odd and even powers in the

exponential series (2.40), which yields:

= (=)™ X (=)
Ay =1 = 2 X . 2.42
* ; 2k)! MJ“Z @h+ 1) e (242)
=
cosh (—(;) — 1 sinh (—(3)
Substituting the values of Ioxo and Xk, we get:
cosh(, —sinh(, 0 O
A, = —sinh(, «cosh(, 0 O (2.43)
0 0 10
0 0 0 1
The same calculation for a finite boost in the y- or z-directions yields:
cosh(y 0 —sinh¢, 0 cosh(, 0 0 —sinh(,
0 1 0 0 0 10 0
Ay = ) , A, = (2.44)
—sinh¢, 0 cosh(, O 0 0 1 0
0 0 0 1 —sinh{, 0 0 cosh(,

A more general matrix A can be obtained for a boost in any direction by calculating
A — e_CzXKw_CyXKy_CzXKZ .
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The final step in obtaining the Lorentz transformation is to relate the boost to the
velocity. Since the transformation involves only a boost and no translation, the origin O’
of the coordinate system (S’) coincides with the origin O of the coordinate system (S) at
time ¢ = 0. When considering a boost in the z-direction, this means that the trajectory
of 0" is © = vyt in frame (S), while it is 2’ = 0 in frame (S’). Now, using s’ = A;s, we
obtain ' = (cosh(;)x — (sinh () ct, which, as stated, must be 0 when & = vyt. This
yields tanh {, = v, /c. It now becomes clear why we chose the boost to have a minus sign
in equation (2.39): this way, the boost has the same sign as the velocity component. From

here on, we denote 3, = v, /c. Therefore:

1

_ 1 B
V1 —tanh?¢, /162

and sinh (, = cosh(, tanh(, = ——

cosh ¢, =

Dropping the subscript x, we can thus rewrite the transformation matrix as:

¥y =By 00
— 00 1
A= br v , with vy=———, and B = Y (2.45)
0 0 10 1— /32 c
0 0 01
Similar results hold for A, and A,. The parameter:
¢ =tanh™! (B), (2.46)

is called the rapidity.
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Chapter 3

Fundamental concepts in special

relativity

In the previous chapter, we derived the Lorentz transformation using the invariance of the
spacetime interval and group theory formalism. This allowed us to obtain a comprehensive
form of the transformation, including rotations and boosts in any direction. In this chapter,
we will start with a brief review of a simple derivation of the transformation for a boost
along one axis, as this emphasises the fundamental principles underlying the Lorentz
transformation. Following this, we will discuss some core aspects of special relativity

before introducing the important concept of the 4-vector.

Events are described within a reference frame (or frame, for short), which is a coor-
dinate system that incorporates both space and time. A specific frame can be visualised
as a collection of metre sticks to measure distances and a network of clocks to track time
at every point in space. These clocks must be synchronised, meaning they all display the
same time at a given moment and advance at the same rate when observed from within
the frame. A particularly important type of frame is the inertial reference frame, where a
particle not subject to any force moves at a constant speed in a straight line (or remains

at rest if initially stationary).
The first postulate of relativity states:
The laws of physics are the same in all inertial reference frames.

In the context of mechanics, this principle was already recognised by Galileo and Newton.
Einstein’s contribution was to extend it to all the laws of physics, including electromag-
netism. For Newton, time was universal, the same for all observers in all frames. This
implied that a light ray moving with velocity ¢ in one frame would be perceived as moving
with velocity ¢ + v by an observer moving with velocity v relative to that frame, in the

9*h century, precise measure-

direction opposite to the ray. However, by the end of the 1
ments showed that the speed of light remained constant for observers in different inertial

frames.
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This led Einstein to propose the second postulate of relativity:
The speed of light in a vacuum is the same in all inertial reference frames.

This implies that time cannot be universal, and that if the clocks in two different frames
are synchronised at one moment, they will not remain synchronised if the frames move
relative to each other. Space and time coordinates are inseparable, and their combination
is referred to as spacetime, or Minkowski space. A point with coordinates (¢,x,y, z) is
called an event (not an actual occurrence, but simply a point in spacetime, representing

something that could happen). A path traced in spacetime is called a worldline.

3.1 Deriving the Lorentz transformation for a boost

Consider a frame (S) with origin O and coordinates (¢,x) and another frame (S") with
origin O’ and coordinates (¢', '), where the 2- and 2’-axes are parallel. Frame (S’) moves
with velocity v towards increasing x relative to (S). We set ¢’ = 0 to coincide with ¢ = 0

and O’ to coincide with O at that moment. How are (¢, 2’) related to (¢, z)?

The transformation must be linear, because uniform motion in a straight line in one
inertial frame must also be uniform motion in a straight line in another inertial frame, and
because the origins of the two frames coincide at t = ¢’ = 0, which excludes any constant
term. Moreover, O’ has a trajectory = vt in (S), and 2’ = 0 in (S’). Since 2’ is a linear
function of x and ¢ that vanishes when x = vt, it must depend on x and ¢ only through

the combination z — vt. We can then write this as:

2 = (z —vt)y(v), (3.1)

where 7 is a function of v. If (S') were moving with velocity —v (towards decreasing x), we
would have ' = (x + vt) y(—v). In the first case, the point O at some time ¢y measured in
(S) is viewed in (S') as having coordinate 2’ = —vtyy(v), whereas in the second case, it is
viewed as having coordinate ' = vtyy(—v). Since space is isotropic, the second situation
is simply the mirror image of the first under the reflection  — —x, 2’ — —2’. The two

coordinates must therefore be opposite, so that we must have y(—v) = y(v).

Returning to the case where (S’) moves with velocity v, this is equivalent to (S) moving
with velocity —v relative to (S’). By the first postulate, the transformation from (¢, ')
to x must therefore take the same form as equation (3.1), with v replaced by —v. Using
v(—=v) = v(v), this yields:

z = (2’ +ot') y(v). (3.2)

With v = 1, this would correspond to a Galilean transformation.
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Next, we consider a ray of light which travels along the trajectory = = ct in (S).
According to equation (3.1), for this ray viewed in (S'), 2/ = (¢ — v) ty(v). The second
postulate of relativity states that this ray also travels with velocity ¢ in (S), so that ¢ =
' /c. Substituting these two expressions into equation (3.2) yields z = (1 — v?/c?) cty*(v).
Since x = ct, we must have ~2(v) (1 - U2/C2) = 1. Taking the positive root, since the

transformation must reduce to the identity when v = 0, we obtain:

() = —— (3.3)

JiojE

To obtain ¢ as a function of x and ¢, we combine equations (3.1) and (3.2) to eliminate

2’, resulting in:

¢ = (t - E) (v). (3.4)

Equations (3.1) and (3.4), with ~ given by equation (3.3), together constitute the Lorentz
transformation. Since the frames move relative to each other along the z-axis, 1y = y and

Z = z.

By defining 8 = v/e¢, and using the coordinate ct instead of ¢, we can express the

Lorentz transformation in a compact form:

ct' = v (ct — Bx), (3.5)
x' =y (z— Bet), (3.6)
v =y, (3.7)
2 =z, (3.8)

where the dependence of v on v is understood. Thus, we recover the transformation given

by the matrix A in equation (2.45).

Since frame (S) moves with velocity —v relative to frame (S’), we can also express the

transformation from (S') to (S) by reversing the sign of the velocity. This results in:

ct = (ct' + pa’), (3.9
T =" (x/ + Bct’) , (3.10
y=1, (3.11
z=2, (3.12

)
)
)
)

where 3 = v/c as defined above. This implies that A~! is obtained from A by replacing 3

with —f3 wherever it appears.
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3.2 Spacetime diagram

To conveniently represent events and worldlines in a frame (S), we use a diagram where
the horizontal axis represents x (considering only one spatial coordinate) and the vertical
axis represents time, typically as c¢t. Each event is indicated by a coordinate pair (ct,x),
specifying its position in spacetime. The worldline of an object at rest in frame (S) is
depicted as a vertical line.

ct ct' In this diagram, the worldline of a

A x=ct light ray, x = ct, is shown as a line

I

! % inclined at 45 degrees to both the z-
9]
/R and ct-axes (red line in the diagram).
Sl
o

e Next, we aim to plot the ' and ct/
Il N

axes of frame (S’). The equation of

b /3 x' the 2/-axis in (') is ¢t’ = 0. In frame
oY =B* .~ (S), according to equation (3.5), this
4 C t= -7 ] becomes ct = fx. Similarly, the equa-
-7 tion for the ct’-axis, which is 2’ = 0 in

." 4—5" ¢
- 3 (S’), becomes x = fct in (S).

Therefore, in the a-ct diagram, the z’-axis makes an angle ¢ = tan~! 3 with the z-axis,
and the ct’-axis makes the same angle ¢ with the ct-axis. They are represented as the
blue dashed lines in the diagram, drawn for v > 0. The 2’ and ct’ axes are therefore
symmetrical with respect to the x = ¢t line, and close in on it as § — 1.

Note that the 2’ and ct’ axes are not perpendicular on the diagram, and that the units
along them do not have the same length as along the x and ct axes. For example, according
to equations (3.9) and (3.10), the event with coordinates 2’ = 1, c¢t’ = 0 is located at x = 7,
ct = yf in (S), that is to say at a distance yy/1+ 82 = /(1 + 52)/(1 — 32) from O on

the diagram, which is larger than 1 for § # 0. Distances measured along the primed axes

on the diagram therefore cannot be read with the same ruler as along the unprimed axes.

3.3 Relativistic effects on measurements

3.3.1 Proper length and length contraction

Proper length refers to the length an object has in a frame (S) in which it is at rest. Suppose
this object is a rod lying along the z-axis, between the coordinates x; and zo > x1. By
definition, Ly = x9 — x1 is the proper length. Now, consider a frame (S’) moving with
velocity v along the z-axis. The length of the rod in (S') is defined as the distance L

between its endpoints when their positions are measured simultaneously in (S’).
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Let t' be the time at which the measurement is made in (S"), with the endpoints located

at z} and x4 such that 2%, — 2} = L. Using equation (3.10), we get xo = 7 (x5 + Sct’) and

x1 = (2} + Bet’). Subtracting these two equations yields:

L=1Lo/y.

(3.13)

Thus, the length in a frame moving relative to the rest frame of the object along its length

is always shorter than the proper length. Note that if frame (S’) were moving along the y

or z-axes, the length of the object in (S’) would be the same as that in (S).

ct

0

-

Y.

X1

To understand the significance of this
result, let us represent the endpoints
of the rod as measured in both frames
on the diagram. In (S), assume the
rod lies between points O and A at
time ¢ = 0, so that z; = 0. Now,
assume we make the measurement in
(S") at ' = 0. According to equa-
tions (3.5) and (3.6), the endpoint
which is at O in (S) at t = 0 is at
2 =0in (S) at ¢/ = 0. The red ct-

axis is the worldline of this endpoint.

The other endpoint must lie on the x’-axis, since we are considering events that are si-
multaneous in (S) at ¢ = 0. Since the rod is at rest in (S), this endpoint stays at x = x2,
so that its worldline is the vertical red line through A. The event at which it is measured
in (S'), denoted as A’, is therefore the intersection of this vertical line with the a’-axis,
located at © = x9 and ¢t = fBzy in (S). According to equation (3.10) with ¢ = 0, its
coordinate in (S') is #f, = x9/7. Therefore, in frame (S), the proper length of the rod is
Ly = z2, measured between the events O and A, while in frame (S'), the length of the rod
is L = xf, = w9/, measured between the events O and A’. The two lengths are measured
between different pairs of events, which is why they differ.

Note that, on the diagram, A’ lies further from O than A, at a distance x2 \/m,
even though z§, < x9. As discussed in section 3.2, distances along the z’-axis on the

diagram cannot be read with the same ruler as along the z-axis.

3.3.2 Proper time and time dilation

Proper time is the time interval measured by a clock that is present at both of the events
being timed. In other words, it is the time elapsed between two events in the frame where
both events occur at the same location. Instead of referring to events, we can also consider

a particle moving along a worldline in a spacetime diagram, travelling from one event to
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another. If we move with the particle along its trajectory, our clock measures the particle’s
proper time. This can also be described by saying that, in the rest frame of the particle,
where its worldline is vertical (indicating a constant spatial location), the time measured
1s the proper time. We denote the proper time as 7.

Suppose two events with the same coordinate x in (S) occur at times ¢; and ty > t;. By
definition, to —t; = 7 is the proper time. In frame (S’), these events occur at times ¢} and
th,, with the time interval between them being At' = t}, — ¢}. According to equation (3.5),
we have t| = v (t1 — fz/c) and t,, = v (ta — Sz /c). Subtracting these equations gives:

At =T, (3.14)

Thus, the time interval between the two events in any other frame is always longer than

the proper time, measured in the frame where they occur at the same location.

3.4 The invariance of the spacetime interval

In section 2.4.2 of chapter 2, we began by asserting the invariance of the spacetime interval:

As? = —AP + Az? + Ay? + A2, (3.15)

where Az, Ay, Az and At describe the separations in space and time between two events in
the four-dimensional spacetime. We then derived the Lorentz transformation directly from
this invariant using Lie algebra. Here, we have derived the Lorentz transformation using
the two postulates of relativity. It is straightforward to verify that this transformation,
given by equations (3.5)-(3.8), ensures —c?At’? + Az + Ay? + A2? = —2At? + Ax? +

Ay? + Az?, consistent with the spacetime interval being invariant.

A useful geometrical consequence is that all events with the same interval from the
origin lie on a hyperbola in the spacetime diagram. For example, the event with coordi-
nates 2’ = £, ct’ = 0 in (S') satisfies —c?t? + 22 = —c?t"2 + 2/ = % in (S), so that it lies on

212 = 2, which crosses the z-axis at = ¢. This hyperbola therefore

the hyperbola 22 — ¢
provides the correct calibration of the z/-axis in the diagrams of section 3.2, and similarly

the hyperbola ¢?t? — 22 = ¢? for the ct’-axis.

3.4.1 Classification of worldlines

Worldlines can be classified based on the sign of ds? = —c2dt? +da? 4+ dy? 4+ dz?, calculated
for an infinitesimal displacement along a worldline. Since this value is invariant, the

classification remains the same in all inertial frames.
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Timelike worldlines

For massive particles travelling at speeds v < ¢, dr = (de +dy? + dz2)1/ 2 — pdt and
therefore ds? < 0. This is known as a timelike interval. In the rest frame of the particle,

where the time is the proper time:

ds? = —c2dr. (3.16)

Note that while ds? can be negative, d72 is always positive. Since ds? is invariant, this
relation holds in any inertial frame, not only in the rest frame of the particle.

Since c¢dt = (c¢/v)dr > dr, the worldline of a massive particle in a one-dimensional
spacetime diagram is everywhere inclined at less than 45 degrees to the ct-axis. If the
particle’s velocity changes over time, the proper time elapsed along its worldline can be
obtained from c2dr? = ¢2dt? — dx? — dy? — dz2, which gives dr = dt\/1 — v2/c2 = dt/(v),

where v is the instantaneous speed of the particle.

Lightlike (null) worldlines

As mentioned in chapter 2, the front of an electromagnetic wave advances by dr =
(dx2 +dy? + dz2)1/ 2 during a time interval d¢ such that dr = c¢dt. Therefore, for light
rays (or massless particles), ds? = 0. This is known as a lightlike, or null, interval. Conse-
quently, the worldline of a light ray in a one-dimensional spacetime diagram is a straight

line inclined at 45 degrees to the axes.

There is no inertial frame in which a photon is at rest since, according to the second
postulate, light travels with velocity ¢ in every inertial frame. Consequently, unlike massive
particles, a photon has no rest frame in which a clock could measure its proper time. Along
its worldline, d7 = 0: in this sense, no proper time elapses for a photon. This can also be
understood by taking the limit v — 400 in equations (3.13) and (3.14), which show that,
as seen from a frame moving at a velocity approaching ¢, lengths contract to nearly zero

while time intervals stretch to infinity.

Spacelike worldlines

For hypothetical particles travelling faster than light (known as tachyons, although they
are believed not to exist), we have ds? > 0. This is known as a spacelike interval. In a
one-dimensional spacetime diagram, such a worldline would be inclined at more than 45

degrees to the ct-axis.

Note that there is no frame in which two events separated by a spacelike interval occur
at the same location. If such a frame existed, ds? would be equal to —c?dr? < 0, which is
not possible since ds? > 0. Conversely, there is always a frame in which two such events

are simultaneous and their order in time depends on the frame in which they are observed.
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3.4.2 Causality in relativity

Consider an event (ct, x, y, z) in the spacetime of an inertial frame. Can this event influence
another event with coordinates [c (t + At) ,x + Ax,y + Ay, z + Az]? In other words, can
a signal sent from (z,y,2) at time t reach the location (z + Az,y + Ay, z + Az) before
time t + At? This is only possible if (Aw2 + Ay? + Az2)1/2 < cAt, which means As? < 0.
Therefore, there cannot be any causal relationship between events separated by spacelike
intervals. This is consistent with the fact, noted above, that the order in time of two such
events depends on the frame: if one could influence the other, there would be frames in

which the effect precedes its cause.

ct This diagram illustrates the concepts
discussed above. The origin O repre-
ct=x sents an event in the present (¢t = 0).

Future light cone

Timeftike interval It can influence any event within the

P so-called future light cone and can
Lightlike interval

L receive information from any event
Spacelike interval

within the past light cone. Communi-

D

cation between events located on the
boundaries of the cones must occur at
the speed of light. However, the event

Past light cone ct = —x ] i
at O cannot influence or be influenced

by events outside of the light cones.

Similar cones can be drawn from any event in spacetime, not just from O.

3.5 Relativistic velocity

3.5.1 Velocity composition

In section 2.4.3 of chapter 2, we discussed that performing successive boosts in different
directions results in a combination of boosts and a rotation, rather than another boost.
This implies that a boost in a direction such as X 4+ y, where X and y are unit vectors
along the x- and y-axes, cannot be decomposed into a boost in the z-direction followed by
a boost in the y-direction. However, when the boosts are aligned in the same direction,

the final result is also a boost.

Consider a frame (S) and a frame (S") moving with velocity v along the x-axis relative
to (S). Now, consider a third frame (S”) moving with velocity v along the z-axis relative
to (S’). To calculate the transformation from (S) to (S”), it is easier to use the rapidity
and the transformation matrix A, as defined in equation (2.43). Let ¢ = tanh™!(v/c) and
¢’ = tanh~1(v//c).
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The transformation matrix from (S) to (S”) is:

cosh¢’  —sinh¢” 0 0 cosh( —sinh¢ 0 0
A — —sinh ¢’ cosh¢” 0 0 —sinh¢ cosh¢ 0 0 (3.17)
a 0 0 10 0 0 10 '
0 0 0 1 0 0 0 1
This results in:
cosh¢” —sinh¢” 0 0
v | T sinh¢” cosh¢” 0 0 ’ (3.18)
0 0 10
0 0 0 1

with ¢ = ¢ + ¢/. Hence, the transformation from (S) to (S”) is a boost with velocity
v” along the z-axis such that v”/c = tanh(” = tanh (¢ + ¢’). This can be expressed as
v"/c¢ = (tanh ¢ + tanh ") / (1 4 tanh ¢ tanh ('), leading to the relativistic velocity compo-

sition formula:

Vi /
v _wfeti/e (3.19)
c 1+wv/c?

While this formula can also be derived using the transformation matrix given by equa-

tion (2.45), the calculation is more involved.

Since |tanh ¢”| < 1 for any finite ¢”, combining two velocities smaller than ¢ always gives
a velocity smaller than c: it is the rapidities, not the velocities, that add, as anticipated
in section 2.4.3 of chapter 2. In the limit v,v" < ¢, we recover the Galilean composition

v =v 4.

3.5.2 Velocity transformation

We now examine how the velocity components of a particle change when observed from
different inertial frames. Let u be the velocity of the particle in frame (S), and u’ the
velocity in frame (S’), which moves with velocity v along the z-axis relative to (S). By
definition:

dx , da’

e =g e = g

and similarly for the y and z-components.
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From equations (3.5)-(3.8), we have:

cdt! = ~(edt — Bdx) =7 (c — Bug)dt,
de’ = v(dx — Bedt) = v (ugy — Be) dt,
dy' = dy=u,dt,
dZ = dz = u.dt.

Dividing these last three equations by the first and using 5 = v/c, we get the relativistic

velocity transformation':

, Uy — v , Uy , U
_ o= I 3.20
Yo = — uzv/c? Hy v (1 —uzv/c?) Yz v (1 —uzv/c?) (3:20)

Note that the transverse components u;, and v/, differ from u, and u., even though dy’ = dy

and dz’ = dz, because the time intervals dt’ and dt are different.

3.6 Four-vectors

In this chapter, we have so far focused on Lorentz transformations that are specifically
boosts. The following discussion, however, applies to any general Lorentz transforma-
tion. To maintain consistency and simplicity, we will nevertheless continue to denote the

transformation matrix as A, avoiding the introduction of new notation.

3.6.1 Overview and definition

Since time and space are intrinsically linked through Minkowski spacetime, it is natural
to define a vector where time and the three spatial coordinates are treated equally. This
is called a 4-vector, and it is represented as a column vector. For example, the position

4-vector is expressed as:

20
2l
wo_

Xt=1, (3.21)

x

23
Here, 2° = ct represents the time component (scaled by ¢ for unit consistency), while
z! =z, 22 = y and 2% = z are the spatial components. The convention is to use Greek

letters, such as p or v, taking the values 0 to 3, to denote the components of 4-vectors, and

1To make the first equation easier to remember, it can be expressed as:

vp/s + Vs/s

vpjgt = ——————,
/ 1+vp/svs/s//02

where vp/s = u, and vp;sr = u;, are the velocities of particle P in frame (S) and (S'), respectively, and

vsysr = —v is the velocity of frame (S) relative to frame (S).

66



Latin letters, such as i, j or k, taking the values 1, 2 and 3, to denote spatial components.
We will also use capital letters to denote 4-vectors. Thus, X* refers to the 4-vector as a
whole, with no specific value assigned to u, while x* refers to the individual components

of the 4-vector, with u taking values from 0 to 3.

By definition, the position 4-vector transforms according to the Lorentz transforma-
tion. This means that if X*, as defined above, is a position 4-vector in frame (S), then
in frame (S’), which moves with velocity v along the x-axis relative to (S), the position

4-vector is X" = AX#, where A is the transformation matrix given by equation (2.45).

As we will see later in this course, various physical quantities transform between frames
in the same way as the spacetime position vector. Consequently, these quantities can be
combined into a 4-vector that, like the position 4-vector, follows the Lorentz transformation
rules. In fact, this defines a 4-vector: any set of four components that transform according
to the Lorentz transformation. Formally, this means that if A* is a 4-vector in frame (S),

then in frame (S') it transforms as:

AP = NAH, (3.22)

This implies that if A* in frame (S) represents some physical quantity, then its Lorentz-

transformed 4-vector A" represents the same physical quantity in frame (S’).

3.6.2 Minkowski metric: length and scalar product

Previously we noted that, under a Lorentz transformation, the invariant quantity is not
the commonly defined squared length of the spacetime interval, c?At? 4+ Ax? + Ay? + Az2,
but rather As? = —c2At? + Az? + Ay? + Az%. In fact, As? is the square of the length of
the spacetime interval in Minkowski spacetime, whose geometry is hyperbolic rather than
Euclidean. This concept is formally expressed using a metric, which is represented by a
matrix.

A metric is a mathematical construct that defines the distance between points in a
given space. It is represented by a matrix that encodes information about the shape,

angles, and volumes within the space:

¢ In Newtonian physics, time is universal and space is Euclidean. The metric of space
is represented by the 3 x 3 identity matrix, which yields the commonly defined
length of a vector (corresponding to the familiar Pythagorean distance formula).

This description is valid in the limit of low velocities and weak gravitational fields.

e In special relativity, time and space are combined into a four-dimensional spacetime,
which is flat: the effects of gravity on its geometry are neglected, so that the theory
is valid in the limit of weak gravitational fields. It accurately describes phenomena
at velocities close to the speed of light. Its laws take their simplest form in inertial

frames, but it can also describe accelerated motion, as we will see in chapter 4.
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e In general relativity, the metric determines how distances and angles are measured
in a spacetime that is curved by the presence of mass and energy. This becomes
important in strong gravitational fields. Examples of curved spacetimes include
the Schwarzschild metric around a non-rotating spherical mass and the Kerr metric

around a rotating mass.

The Minkowski metric, used in special relativity, has components that reflect the insepa-
rability of space and time and defines the interval ds?, which is preserved under Lorentz
transformations. We have encountered this matrix in chapter 2 but we recall it here for

easier reference:

-1 0 0 0
0O 1 0 0
g= Minkowski metric. (3.23)
0O 010
0O 0 0 1

In Euclidean space, the squared length of a 3-vector is given by ||r||? = r' Ir, where I
is the identity matrix, serving as the metric. In Minkowski space, the squared length of a

4-vector A" is defined analogously, but with the Minkowski metric g:

(AM)% = (AM) T gA*. (3.24)

Given:

AF , and (A“)T = (ao,al,aQ,a?’),

this results in the squared length of the 4-vector A* being:
(A% = — (a°)° + (a")* + ()® + (a*)*. (3.25)

Despite the notation, this squared length is not necessarily positive: as for the interval in
section 3.4.1, a 4-vector is called timelike, lightlike (null) or spacelike if (A”)2 is negative,

zero or positive, respectively.

Based on this definition of the length, we have As? = (AX*)% This quantity remains
invariant for any interval between two events, including the interval between the origin O
(where both ¢ and the spatial coordinates are zero) and a point with arbitrary coordinates.

Consequently, (X “)2 is invariant for any position 4-vector.
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Using this invariant, we can recover the relationship between the matrices g and A that
we derived in chapter 2 (see eq. [2.33]) and used to derive the general expression for A. We
recall this result here for easy reference. If we transform into a frame (S’), the invariance
of the square of the length means that (X’*)* = (X*)%, that is to say (X'*)' gX'* =
(X" gX*#. Using X" = AXF, this yields (X*)T ATgAX* = (X#)T gX*. Since this
must be satisfied for any position 4-vector X*, and both ATgA and g are symmetric

matrices, it follows that:

ATgA =g. (3.26)

Now, consider an arbitrary 4-vector A*. In frame (S'), it is given by A" = AA#. This
yields (A")% = (AT gA® = (AA)T gAAr = (AT ATgAAR = (AM)T gAr = (AM)2.
Thus, we conclude that:

Any 4-vector A" has an invariant squared length (A#)? .

We now define the scalar product of two 4-vectors A* and B* as:

AP . B = (AMT gB*. (3.27)

It can easily be verified that:
AF . BF = —a° + a'b' + a®b® + a®b?, (3.28)

where b* are the components of B¥. This scalar product is commutative, as it satisfies
A* - B¥ = B* . A*, Under a Lorentz transformation, the scalar product transforms as
A'm . Bt = (AAF) - (AB*) = (AA*) T gAB*. Using equation (3.26), this gives A’ . B/t =
At - B¥. Thus,

The scalar product of two 4-vectors is invariant.

While matrix notation is convenient for deriving the Lorentz transformation via Lie al-
gebra, index notation, which explicitly handles matrix indices, is generally more suitable
for working with the equations of special (and general) relativity. This approach will be
discussed in the following section.

3.6.3 Index notation, covariant and contravariant four-vectors

In the previous section, we defined the scalar product (and length) in matrix form (eq. [3.27]).

Now, we introduce a more compact and convenient expression:
Al Bt = g,,,aM'b", (3.29)

where g,,,, are the coefficients of the matrix g. As usual, the first index p indicates a row,

and the second index v indicates a column.
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The above expression utilises the Einstein summation convention for repeated indices,

which means it is a shorthand for:

3 3
At . Bt = Z Zgu,,a“b”.

pn=0rv=0

It is easy to verify that equations (3.27) and (3.29) are equivalent.

Covariant and contravariant four-vectors

To simplify the notation further, for any column 4-vector A*, we define the corresponding

row 4-vector denoted A,, with components a, given by:

a, = gua”. (3.30)

For example, given the column 4-vector:

0
1
a
At = 2
a3
this transformation yields the row 4-vector:
Ay = (gA") = (ag,a1,02,a3) = (—d’,a',a?, %) . (3.31)

The expression (3.30) provides the relationship between the components of A, and those
of A#. However, we often write A, = g,, A", mixing index and vector notation, as a
shorthand for equation (3.30). This practice allows us to use the generic name of the
4-vector as a proxy notation for its components, bypassing the need to explicitly define

those components.

Just as we derived A, from A¥, we can reverse the process. Let g"” represent the

coefficients of the matrix g~ !:

9" o = 6, (3.32)

where 8, is the Kronecker symbol (equal to 1 if 4 = v, and 0 otherwise). Even though

g~ ' = g, we use distinct notations for the coefficients to enhance clarity. Specifically,

g% = goo = —1, while all other non-zero components are equal to 1. Using equation (3.30),

we obtain g"¥a, = g"”g,,gobE = 52‘&5. Therefore:

a = g"”a,. (3.33)

This expression can also be derived using equation (3.31), which gives A* = ¢g~! (AH)T.

Once again, the notation A* = gM” A, is often used as a shorthand for equation (3.33).
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The column 4-vector A* is known as a contravariant vector, while the row 4-vector 4,
is known as a covariant vector. The operations described by equations (3.30) and (3.33)

are commonly referred to as ‘lowering’ and ‘raising’ indices, respectively.

Transformation of a covariant four-vector

We have defined a contravariant 4-vector A" as one that transforms according to the
Lorentz transformation, such that in frame (S’) we have A" = AA*. Additionally, we
have referred to the covariant vector A, as a 4-vector. To confirm that A, is indeed a
4-vector, we need to examine its transformation properties.

Recall that A, is a row vector. According to equation (3.31), it can be expressed in matrix

notation as:
T T T
A= (gA") =(A") g
The Minkowski metric satisfies ¢| = ¢, as does any metric, which is symmetric by def-

inition. We nevertheless keep g' in the derivation below, to make each step explicit.
When transforming to frame (S'), the expression above becomes Aj = AmTgT =
(AAM)T g7 = (A")T AT¢T. Taking the transpose of equation (3.26) yields g7 = ATgTA,
!/

., We obtain

which implies ATg" = g"A~!. Substituting this into the expression for A
A, = (A")T gTA~L, leading to:

Al = AN (3.34)

Equation (3.34) shows that a covariant 4-vector does not transform with A, as a con-
travariant 4-vector does, but with A~!, acting from the right. Since Lorentz transforma-
tions form a group, A~! is itself a Lorentz transformation: for a boost, it corresponds to a
boost in the opposite direction. The transformation of A, is therefore entirely determined
by the Lorentz transformation, so that A, is also a 4-vector, in a broader sense than
equation (3.22). These two different transformation laws are precisely what distinguishes
covariant from contravariant 4-vectors and, as we will see below, they ensure that the

scalar product A,B* is invariant.

Squared length of a covariant four-vector

The squared length of A* is defined by equation (3.24). Using equation (3.31), we have
gAH = (AM)T and (A")" = A, (g_l)T. Substituting these into equation (3.24), we obtain:

(A2 = A, (g7 (A"

Since this expression is now in terms of A,, it provides a definition for (A#)2, which is
thus equal to (A*)%:

(4.)" = (Au g (AM)T)T : (3.35)

Since this is equal to (A“)Q, it represents an invariant quantity.
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Scalar products using index notation

Using equation (3.30), we can replace g,,,b" with b, in equation (3.29). This yields a*b,,,
which, in matrix notation, is the product of the row vector B, by the column vector A*:
Al Bt = B, A*. Alternatively, this can be derived directly in matrix notation by writing
Ar . Bl = (AT gBr = (AM)T gg~1 (BM)—r = (BNA“)—r = B, A", where the final equality

follows from the fact that the transpose of a scalar is the scalar itself.

Since the Minkowski metric is symmetric, meaning g,,, = g,,, We can also replace g, a"
with a, instead in equation (3.29), which yields A* - B* = A, B".

We summarize these results as:

3 3
AP Bt =B, A" = A,B" =) a’b, = a,b’. (3.36)
v=0 v=0

The first term serves as a formal notation for the scalar product, the second and third
terms represent the standard product of a row vector by a column vector, and the fourth

and fifth terms are expressed in terms of the individual components of these vectors.

Note that the product of a column vector with another column vector, such as A* B*,
is not defined according to the matrix and vector multiplication rules we have used so far.
The same is true for A,B,,. These products will be dealt with using tensor operations.

Naturally, the above expression remains valid when B¥ = A# thus A" - A* = A A",

The process of summing over a pair of one upper (contravariant) and one lower (covari-
ant) index is called index contraction. Performing index contraction between two 4-vectors
results in a scalar.

Conversely, if A, is a covariant 4-vector and the scalar product A,B" re-
mains invariant under transformation for any choice of 4,, then B* must be a
contravariant 4-vector. Indeed, the invariance of the scalar product requires ALB’“ =
A, B*. Using equation (3.34), this leads to A,A"'B" = A,B*, or A, (A"'B"" — B") = 0.
Since this relation must hold for any choice of A, the expression in parentheses must
vanish, implying B’ = AB*. This demonstrates that B* is a contravariant 4-vector.
Similarly, if B* is a contravariant 4-vector and A,B* is invariant for any choice

of B*, then A, must be a covariant 4-vector.

Until now, we have carefully distinguished between row and column 4-vectors. Howe-
ver, except when using matrix notation to multiply 4-vectors by matrices, this distinction is
not essential, just as it is unnecessary to specify whether a spatial vector in 3-dimensional
Euclidean space is a row or a column vector. Therefore, from this point onwards,
we will represent all covariant and contravariant 4-vectors as row vectors,
understanding that A,B* denotes the sum a,b* of the products of their components,
analogous to the scalar product of two spatial vectors. By using indices to refer to the
components of vectors and matrices, we eliminate the need for explicit matrix notation.

This approach will also prove to be much more effective for handling tensors.
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3.6.4 Covariant and contravariant derivatives

In this section, we extend the various derivative operators defined in Euclidean space to

Minkowski spacetime.

Gradient

Consider a scalar function f (mo, x!, 22, 563) that depends on the spacetime coordinates in

frame (S). The change in f between two infinitesimally separated points in spacetime is

given by the differential:

dfs = Z;Ld:c“. (3.37)
In frame (S'), the same scalar field is described by a function f” of the coordinates
(20,2, 22, 2/3), such that f'(a/*) = f () at every event: the value of a scalar at a
given event is the same in all frames, although the function f’ generally differs from f. Its

differential is:

of'
ox'H

Since z* is itself a function of the coordinates in (S), we have:

dfly = ———da'm. (3.38)

un
da'* = %;dx”, (3.39)

which yields:

of oa  , _ 0f

ox'* Oxv v ox?

dfy = da”. (3.40)

The second equality follows from the chain rule, since f (z*) = f’(2/* (2¥)). Therefore

df{, = dfs, indicating that the differential of a scalar function is invariant.

Equation (3.37) expresses the fact that the scalar product of the contravariant 4-
vector dX*, whose components are dz#, with the vector whose components are 9f/dx*,
is invariant. Thus, this vector is a covariant 4-vector, denoted d,, f. More generally,

we define the gradient operator as a covariant 4-vector:
o o9 0 0 10 9 9 9
- === = = . 41
On <8x0’81‘1’8x2’8:n3> <c8t’8x’8y’0z> (341)

Introducing the standard gradient operator in 3-dimensional space, V, this can be written

in a more compact form as:

10
=|-= . .42
0~ (15.9) (3.42)
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Since @, f is a covariant 4-vector, in frame (S') it becomes 8/, f" = (8,f) A~", where

9, involves derivatives with respect to the coordinates in (S).

More generally, we can write:

9, = A7

(3.43)

Similarly, we can view f as a function of the coordinates (z¢, 1, z2,23), leading to

the contravariant 4-vector, denoted 0" f, whose components are df/0x,. This now

defines the gradient operator as a contravariant 4-vector:
gp_ (0 90 9 9N_(_ 19 0 9 9
-\ Oxy’ Oxy’ Oxy Ox3) cOt’ 0z’ 0y 0z )"’

or, in a more compact form:

10
[ e V4
0 ( cot’ >

In this case, 9" f' = AO* f and, more generally:

oM = A"

(3.44)

(3.45)

(3.46)

Although 0, and 0" are operators, they can be manipulated as if they were ordi-

nary 4-vectors. This allows us to raise and lower their indices with the metric and write

Oy = guw0”, or O* = g'”0,, where the 4-vector name serves as a proxy notation for its

components, as discussed earlier.

The results above hold for any Lorentz transformation. In the specific case of a boost,

0" = AO* can be explicitly written as:

1 oo\ (e
c ot v —h c ot
0 0
o | _ =By v 0 0 o
0 0
= 0 0 1 0
oy dy
0 0
— 0 0 0 1 —
2! 0z

This can be verified by directly calculating the derivatives using X'* = AX*.

74

(3.47)



Divergence

So far, we have considered cases where the 4-vector gradient operator acts on a scalar
function, yielding a 4-vector. This can be expressed by stating that the product of a
gradient 4-vector and a scalar function results in a 4-vector. Now, we consider the scalar
product of the gradient 4-vector with another 4-vector, which results in a scalar. We
start with a contravariant 4-vector A*, whose components a* depend on the spacetime

coordinates. The divergence of this 4-vector is defined as:

da*  9a® Oa'  0a? 0a® 10a® 0a'  0a?  Oa?
WA — Ap = g ve e ve 2o de e g4
0 O ozt 920 + Oxl + Ox? + ox3 ¢ Ot + Ox + oy + 0z

Introducing A = (al, a?, a3) as the spatial part of A*, i.e., A* = (aO,A) , We can write

the divergence as:

1 0a®
GWAH:@A#:E§%+V-A. (3.48)

The scalar product can also be written as:

Oda dag Oay Oas  Oas 10ag Oay Oas Oas
AR — GH A, = 2 2 2y TPy e 22 T Ty TS
0 0" Ay Oz,  Oxg + o0x1 + 0xo + oxs c Ot + ox + oy + 0z

In the Minkowski metric, A, has the same spatial components as A", leading to:

10
A=A, = ——Z0 L v LA (3.49)
c Ot
Since ag = —a, this is identical to the previous expression.

The divergence remains invariant as it represents the scalar product of two 4-vectors.
Consequently, a conservation law expressed as a vanishing 4-divergence, 9,A4* = 0 (a

continuity equation), holds in all inertial frames if it holds in one.

D’Alembertian

Now, consider the effect of taking the divergence of the 4-vector 0¥ f. We denote the
resulting operator (known as d’Alembertian, or wave operator) by the symbol O, and we

have: o s o s an 82f
1
2o Tar Tar a2 (3.50)

Of = 0" 0'f = 9,0 f =

We can easily verify that 0,0 f = 0"0,f.
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Introducing the standard Laplacian operator in 3-dimensional space, V2, we obtain:

1 92

O=0" 0 =0,0" = 0"0p = —5 55 + V2. (3.51)

Since the d’Alembertian operator 0,0 represents the squared length of a 4-vector,
it remains invariant under Lorentz transformations. This invariance ensures that
the wave equation retains its form in any inertial frame. Specifically, if a scalar
function f satisfies the wave equation Jf = 0 in frame (S), then the function f’ describing
the same scalar field in frame (S') satisfies ' f’ = 0, where [0 involves derivatives with

respect to the coordinates x'H.

3.6.5 Transformations of four-vectors in index notation
Transformations using Lorentz matrices

We have introduced index notation for 4-vectors and the metric matrix g, but not yet for
the Lorentz transformation matrix. This section addresses that. Consider a contravariant
4-vector A*. In matrix notation, it transforms as A’* = AA#. In previous courses, we
referred to the coefficients of a matrix M as M;;, where i indicates a row and j indicates a
column. However, using only lower indices to label the coefficients of A would imply that
both indices are covariant. While this might not pose a problem for 4-vectors, it can lead
to confusion when dealing with tensors, as we will see later in the course.

Thus, in index notation, the relationship between A’* and A* is written as:

Al = A1 AV, (3.52)

Here, A” serves as a proxy notation for its components a”. Thus, the right-hand side is
the sum of the products of the coefficients of A and the components of A¥. Since A is a
column 4-vector, consistency with matrix notation requires that the contravariant (upper)
index u in A*, corresponds to a row, while the covariant (lower) index v corresponds to a

column?. Staggering the indices clarifies the notation.

To make the notation clear, we explicitly write:

A% A0, A0, AO,
A, A, AL, AL
A2, A% A%, A2
A3, A3, A3, A3,

(3.53)

“For the metric, both indices are either covariant (g,.) or contravariant (¢/”). Since the metric is
symmetric, the order of the two indices does not matter, so there is no need to stagger them. Note that a
metric with one upper and one lower index would simply be the Kronecker symbol: ¢g*%ga., = ¢/, according
to equation (3.32).
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The matrix A has dimension 4 x 4, but by contracting the lower index (multiplying by A"

and summing over ), we obtain a 4-vector.

With this notation, we can express the product of the matrices gA as gx,A~,. Conse-

quently, equation (3.26) becomes:

A)\,ugMAHu = Juv- (3.54)

Consider now a covariant 4-vector A#. It transforms as follows:
A,Iu = gunA/K = gunAﬁ)\AA = g,u,feAK)\g)\VAu-

This can be written as:

A, = AV A, where we define A" = G\ g™ (3.55)

By multiplying both sides of the second equation by ¢”* and g,, (and summing over p

and v), and using equation (3.32), we obtain:
gp“A“”g,,7r = gp“gﬂ,{A”“)\g)"’gy7r = 5,@/\“/\5# =A_. (3.56)

This notation extends the concept of lowering and raising indices from 4-vectors to ma-
trices.

From equation (3.34), we also have A), = A, (Afl)yu. Comparing this with equation (3.55)
implies A = (A‘l)'/#. Using the definition of A, from equation (3.55), we can verify
that A#VAMC = gu,ﬂA’i)\gA”A“C = gorgV = d¢, where we have used equation (3.54).

We summarise these results:

A = (A1), orequivalently AAY. = 5. (3.57)

Transformations using the Jacobian matrix

Since dX* is a contravariant 4-vector, it transforms as dX’* = A*,dX?. Using equa-
tion (3.39), this implies that:

oz’

5o = Ova = AV, (3.58)

meaning that the Lorentz transformation matrix A is the Jacobian matrix of the

transformation from the coordinates ¥ to z'*.
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We can thus define a 4-vector A* as any set of four components that transform according

to:

7"
A = %AV = AY9, M. (3.59)

Equation (3.59) provides the most general definition of a 4-vector, as it encompasses
all possible transformations from one set of coordinates x* to another set ’#. The (linear)
Lorentz transformation is merely a special case applicable to special relativity. In contrast,
general relativity allows for transformations that are not necessarily linear and can involve
any smooth mapping between coordinate systems. In that case, the Jacobian matrix
depends on the position in spacetime, so that a 4-vector is defined at a given event,
with the Jacobian evaluated at that event. Note also that the displacement dX* always
transforms according to equation (3.59), whereas the position X* itself does so only when

the transformation is linear: the position 4-vector is a special feature of special relativity.

The inverse transformation gives dX* = (A_l)“ ,dX v = A #dX'. This implies that:

Ozt

al'”/

=0zt =AM (3.60)

From equation (3.55), we have A = A YA,. Therefore, equation (3.60) provides the

transformation of a covariant vector as:

W ox"

m = wAV = A,,a LCUV. (361)

In principle, we could define coordinate transformations in a covariant form involving
terms like 0z, /0x,,. However, this is not commonly used.
Invariance of the four-volume element

Since A is the Jacobian matrix of the transformation from the coordinates xz¥ to z'*
(eq. [3.58]), the four-volume element d*z = dz® dz' dz? dz3 = cdt d®z transforms, by the

usual rule for changing variables in a multiple integral, as:
d*2’ = |det A|d*z = d’z, (3.62)

where we have used det A = £1 (section 2.4.3). The four-volume element is therefore
invariant under Lorentz transformations. This result will be used in chapter 5 to construct

Lorentz-invariant actions for fields.
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Chapter 4

Dynamics and conservation laws

In this chapter, the spacetime position 4-vector is represented as X* = (ct,r), where
r = (z,y,2) is the usual spatial 3-vector. We also use the notation X* = (mo, zt, :1:2,x3)

when convenient.

4.1 Four-velocity

4.1.1 Derivation of the four-velocity

We begin by constructing a 4-vector for velocity, extending the concept from 3-dimensional

space to spacetime.

ct Consider two points, A and B, along
a worldline in the spacetime diagram,
worldline separated by the displacement AX* =

(cAt,Ar). The ordinary velocity at point
A/ AXH = (cAt,Ax, Ay, Az) A is given by:

B

i Ar_dr
x YT ASOAL T A

However, AX*/At is not a 4-vector, since At is not invariant, so we cannot directly

construct a 4-vector from u. Instead, we define the velocity 4-vector, or 4-velocity, U* as:

_dxw

Ut = — 4.1
= (1)

where 7 is the proper time along the worldline. Since dr is invariant and dX* is a 4-vector,

U* is indeed a 4-vector. Explicitly, this is written as:

g (L3 o dy A (e ar
“\“ardrdrar) CdT7udT '
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As discussed in section 3.4.1, a massive particle moves along a timelike worldline, corre-
sponding to ds? = —c2dt? + dr? = —c2dr?. This gives: dt/dr = dt/\/dt2 —dr?/c2 =
1/4/1 — u?/c?, which can be written as:

dt
a_ . 4.2
o= (4.2)
where 7, = 1/4/1 — u?/c?. Therefore:
UM = (yuc, yult) - (4.3)

Since U* is a 4-vector, its squared length is an invariant. In the rest frame of the particle,

where u = 0, we have U* = (¢, 0), resulting in:

(UM)? = =2 (4.4)

This can also be checked directly from equation (4.3): (U ”)2 = 2 + y2u? = -2

The definition of 4-velocity cannot be extended to massless particles, for which dr = 0.
These particles travel at u = ¢, leading to =, — +oo, which makes U* undefined. For

such particles, we instead define a 4-momentum, as will be discussed below.

4.1.2 Velocity transformation using four-vectors

Consider a particle with velocity u in frame (S) and velocity u’ in frame (S’), where (S)
moves with velocity v along the z-axis relative to (S). The 4-velocity in (S') is given by

U'" = AU#, which can be explicitly written as:

Vur € Y —Bw 0 0 YuC

Yy | =B w0 O [ (4.5)
Va Uy 0 0 1 0f | vuuy, |’

Y, 0 0 0 1/ \yuu.

where = v/c and the subscript ‘v’ on v indicates that it is related to the velocity of

frame (S’). This transformation yields the following equations:

TwC = YovVu (C - /Bux) )

Vu’u;; = YVu (_/BC + ua:) )
rYu’Ug; = TYulUy,
’Yu’u,z = YulUz-
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Dividing the last three equations by the first one, we can recover the components of u’
calculated in section 3.5.2. The first equation also gives the transformation of the Lorentz

factor of the particle:

ULV
Yo' = Yo Vu (1 - Cg; ) . (4.6)

4.2 Four-momentum

In his seminal 1905 paper On the Electrodynamics of Moving Bodies, Einstein derived the
kinetic energy of an electron, (7, —1)mc?, and in a second paper published the same year,
he showed that a body’s mass changes when it emits energy, establishing the connection
between mass and energy. In 1906, Planck developed the dynamics of relativistic particles
using the momentum p = vy, mu and obtained the corresponding relativistic Lagrangian.
In this section, we will take the reverse route, using the principle of least action to construct
a relativistic Lagrangian and derive from it the relativistic momentum, p = 7,mu, and

energy, £ = y,mc?.

4.2.1 Lagrangian in special relativity

As discussed in section 1.2.4, a system moves from point A to point B by following the
trajectory that makes the action stationary. The action is defined as the time integral of
the Lagrangian from A to B. By requiring that the action is stationary, we derive the
Euler-Lagrange equations, which are equivalent to the equations of motion. From these
equations, we can identify the momentum. We now extend this concept to the relativistic

case.

Lagrangian for a single particle

The determination of the appropriate Lagrangian for a physical system is guided by sym-
metry principles, among other factors. In classical mechanics, the action should be in-
variant under Galilean transformations, while in special relativity, it should be invariant
under Lorentz transformations, ensuring the consistency of physical laws across all inertial
frames. If the equations of motion are already known, we can work backwards to identify a
corresponding action that reproduces these equations. Alternatively, proposing an action
based on symmetry principles, physical intuition, or other considerations can lead to new

equations of motion that may predict previously unknown phenomena.

In special relativity, we already know that the equation of motion is dp/dt = f, with
p = Yumu, which serves as a benchmark for constructing a relativistic Lagrangian. Once
such a Lagrangian is established, it can be used to further develop the theory of special

relativity, particularly in the context of electromagnetism.
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To extend the concept of action to the relativistic case, we must ensure that it is
invariant under changes of reference frame. This means that if the action is stationary in
one frame, it must also be stationary in all frames. For a single particle, this condition
is satisfied if L dt¢ is proportional to the proper time interval dr = \/TQ/C along the
worldline, which is invariant. Note that the Lagrangian L itself is then not invariant, since

dt is not. Thus, we express the action as:

T8
S / dr.
Ta

For a particle moving with velocity u, and using equation (4.2), this becomes S
ttf V/1—u2/c2 dt. Tn the limit u/c < 1, this integral reduces to j;tf [1—u?/(2¢%)] dt, to
the first non-zero order in u/c. In classical mechanics, in the absence of external forces,
the Lagrangian is given by the kinetic energy mu?/2. This expression should match the
relativistic Lagrangian in the limit u/c < 1, up to an additive constant (since adding
a constant to the Lagrangian does not alter the equations of motion). Therefore, the

proportionality coefficient in the relativistic Lagrangian is —mc?.

If the particle interacts with an external force, an additional term Li,; must be included
in the Lagrangian. We assume here that it depends on r and ¢, but not on r, which is
sufficient to describe the motion in a given frame, such as the frame in which an external
potential is specified. In general, however, such a term does not lead to a Lorentz-invariant
action. A Lorentz-invariant interaction must depend on the velocity of the particle, as for

the electromagnetic interaction discussed in section 5.7.1.

The relativistic Lagrangian for one particle is then:

22 2 22
L= _mc2\/1 — % 4 Lo (r,1). (4.7)

Lagrangian for a system of particles

Consider a system of N particles. If they do not interact with each other, the Lagrangian
for the system is simply the sum of the individual Lagrangians. When mutual interactions

are present, they are incorporated into Li, such that the Lagrangian becomes:

N .9 .9 )
L:;—mké 1_W+Lim (r1,r2,...,TN,t). (4.8)

Here, the subscript k labels the k-th particle, and does not indicate a covariant coordinate.
Therefore, ry represents the position vector of the k-th particle. Note that an interaction
term depending on the positions of all the particles at the same time ¢, such as the Coulomb
interaction between charges, describes an instantaneous interaction at a distance, which
is not compatible with special relativity. Such a description can only be valid in a given
frame, as an approximation. A fully relativistic description of interactions requires fields,

which propagate at finite speed, as we will see in chapter 5.
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4.2.2 Relativistic momentum and energy
Momentum

In chapter 1, we noted that the Euler-Lagrange equations are applicable regardless of the
explicit form of the Lagrangian, and therefore remain valid for the relativistic Lagrangian.

These equations (1.20) state that, for each particle k:

d(OLY_ oL d(oL\ 0L d(OL\_ 0L 49)
dt 8xk _8xk’ dt 8yk _Byk’ dt 82k _8214. .

In the absence of internal or external forces, the right-hand side of these equations is
zero, implying that the quantities OL/0ty, OL/Jy, and JL/0Z%; are conserved. These
conserved quantities are the components of momentum. Therefore, for each particle, and
now dropping the subscript k, we express the spatial momentum vector as p = (pg, py, Pz)
with p, = OL/0% = ~y,mu,, and similarly for the other components, where we have used

L given by equation (4.7). This gives:

p = Y,mu. (4.10)

In the limit u/c < 1, this simplifies to the familiar p = mu.

In section 1.3.2, we also noted that Noether’s theorem remains valid for the relativistic
Lagrangian. This implies that, when the system is invariant under spatial translation,
which is the case when there are no external forces acting on the system, the total

momentum is conserved.

Energy

Furthermore, when the Lagrangian does not explicitly depend on time, there exists a
conserved quantity, the energy E, given by equation (1.68). For a single particle, this
equation is:

oL, OL. OL,

E= &%1‘4— ayy+£z—L:const. (4.11)

Assuming Liy, = 0 in the expression (4.7) for the Lagrangian, this is equal to p - u +
me? [y = yum (u2 + 02/73), which simplifies to:

E = y,mc’. (4.12)

This represents the total energy of a single particle in the absence of external forces and
is commonly referred to as the relativistic energy. In the limit u/c < 1, this reduces

to:

E ~ §mu2 + md?.
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The constant term mc? is the rest energy of the particle. It represents the energy that
the particle possesses due to its mass alone, independent of its motion. This term is
significant in relativity, illustrating the concept that mass and energy are equivalent. It
does not appear in classical mechanics, where energy is purely a function of motion and

position, and does not account for the intrinsic energy of mass.

Since mc? is the energy of the particle in its rest frame, which all observers can identify,
it has the same value for all observers: it is Lorentz invariant. This will also follow directly
from the invariance of the squared length of the 4-momentum, as shown by equation (4.18).

Therefore, the mass m is an intrinsic property of the particle.

By subtracting the rest energy from the total energy E, we obtain the kinetic energy

(in the absence of external forces and therefore of other forms of energy, such as potential
energy):
K = (v — 1)mc’. (4.13)

For a system of N particles, equation (4.11) still applies, provided the first three
terms are summed over all the particles. If there are neither external nor internal forces

(Lint = 0), the conserved quantity is the total energy:
N
Eiotal = Z’YukkaQ- (414)
k=1

Energy flux and momentum density

Consider a volume V containing N particles labelled by & = 1,..., N, with the k-th

particle having mass my, velocity u; and momentum py.

The energy flux carried by this collection of particles is given by:

S

1 L N 2N
_ 2 _
,}1 Eyuy, = kgl Vu, MEC UL = kgl Pk- (4.15)

1
Defining the momentum density as g = v Zivzl Pk, this becomes:

S =g (4.16)

This relation also applies to the electromagnetic field, as will be shown in section 5.8.4.
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4.2.3 Four-momentum and energy-momentum relation

Multiplying the 4-velocity by m yields a 4-vector that includes the momentum: mU* =

(yume, p). The first component is E/c. This 4-vector is referred to as the 4-momentum:

E
Pl = mU" = (C, p) : (4.17)

Note that E here includes only the rest and kinetic energies. The 4-momentum is defined
this way even when additional energy, such as potential energy from external forces, is

present, meaning that potential energy does not directly contribute to the 4-momentum.

Since P* is a 4-vector, its squared length —E?/c? + p?, where p? = p - p, is invariant.

2

In the rest frame of the particle, p = 0 and E = mc*, so we obtain:

(PM)? = —m2c? is invariant. (4.18)

This yields the energy-momentum relation for a particle:

E? = m?ct + p?c. (4.19)

This expression holds for any particle with mass m. It can be easily checked that it is

consistent with p = y,mu and E = vy, mc?.

The 4-momentum, being a 4-vector, transforms according to the Lorentz transforma-
tion. We denote the 4-momentum of a particle in frame (S) as P* and in frame (S'),
which moves with velocity v relative to (S), as P'*. By aligning the z-axis with v, the

transformation P* = APH gives:
v
E' =y (E—vps), pp="m (—C—ZE +pz) . Py =Dy, P. =D (4.20)

4.2.4 Four-momentum of massless particles

Massless particles travel with speed u = ¢, leading to a situation where the momentum
~yumu involves multiplying an infinite quantity (7,,) by zero (m). In this case, we define the
momentum in terms of energy rather than velocity. The energy-momentum relation (4.19)
shows that E? — p?c? as m — 0. We assume that this expression remains valid for m =
0. For photons', this will be confirmed independently in section 5.8.4, where Maxwell’s

equations show that the momentum density of the electromagnetic field is its energy flux

!Gluons, which mediate the strong interaction, are also massless, but they are not observed as free

particles.

85



divided by ¢?. For light, which carries energy at speed ¢, this gives a momentum equal to

the energy divided by c. This leads to:

E
= —. 4.21
p=- (4.21)
Thus, the 4-momentum of a massless particle is given by:
E F
pr = ( ﬁ> , (1.22)
¢’ c

where 1 is the unit vector in the direction of propagation of the particle. This implies:

(P*)? = 0. (4.23)

The energy of a photon is given by E = hv, where v is the frequency. For a photon
moving along the z-axis, the 4-momentum in frame (S) is P* = (hv/c,hv/c,0,0). In a
frame (S’) moving with velocity v along the z-axis relative to (S), that is to say in the
direction of propagation of the photon for v > 0, and using equation (4.20) along with
B =wv/ec, we find that hv'/c = v, (1 — B) hv /e, which simplifies to:

) [1=8
V= 1‘1'6”. (4.24)

This equation represents the relativistic Doppler shift: for v > 0, the observer in (S')
moves in the same direction as the photon, so that v/ < v (redshift). It can also be
derived by combining the classical Doppler effect, due to the change in distance travelled
by successive wavefronts, with time dilation. More generally, for a photon propagating at

an angle 6 to the z-axis in (S), equation (4.20) gives v/ =, (1 — S cosf) v.

4.2.5 Wave four-vector

Photons can be described as electromagnetic waves and, similarly, massive particles also
exhibit wave-like behaviour. For both massless and massive particles, the energy E of the
particle is related to the frequency v of the wave through Planck’s relation £ = hr, and
the momentum p is related to the wavevector k by de Broglie’s relation p = hk.

The wave properties of a particle can be conveniently described using the concept
of the wave 4-vector, which expresses the frequency and wavevector in a relativistically
covariant form. This 4-vector can be derived from the 4-momentum P* by dividing it by
h:

pH E p
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Since h is a frame-invariant constant, K*, defined in this way, is indeed a 4-vector and
therefore transforms according to Lorentz transformations. Using the relations above, we

can express the wave 4-vector as:

AK“::<g,k), (4.26)

where w = 27v is the angular frequency, and the wavevector is related to the wavelength
by k = 2m/\.

Since K* is a 4-vector, its squared length (K“)2 = —w?/c® + k%, where k? = k - k,
is invariant. For massless particles, (P*)> = 0 and therefore (K*)?> = 0. This leads to
the condition w/k = ¢ (equivalent to p = E/c), which shows that massless particles are

described by waves propagating at the speed of light.

For massive particles, in the rest frame where p = 0 and E = mc?, the invariant

calculated from equation (4.25) is — (mec/h)?. This gives the following dispersion relation:

2\ 2
mc
&:8#+(h>. (4.27)
The phase velocity w/k is then larger than ¢, but this does not violate relativity, since no
information is carried at the phase velocity. The group velocity:
dw &k pe
dk w E ’ (4.28)
is the velocity of the particle.
Consider the spacetime position 4-vector X* = (ct,r). The scalar product X* - K* =
k - r — wt is invariant. This quantity represents the phase of the wave associated with
the particle. Conversely, since the phase determines the number of wave crests passing a
given event, all observers must agree on its value. This shows that (w/c, k) is a 4-vector
for any plane wave, such as an electromagnetic wave, even when it is not associated with

a particle.

4.3 Four-force

The Euler-Lagrange equations (4.9) show that, when a system of N particles is subject to

external and/or internal forces, the momentum of the k-th particle changes according to:
— =1, (4.29)

where f, = V., Liy; is the force acting on the k-th particle. The subscript on the gradient

operator indicates the coordinates with respect to which the derivatives are calculated.
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In the same way that we cannot create a velocity 4-vector by dividing dX* by dt, even
though u = dr/dt, we also cannot create a force 4-vector by dividing dP* by dt, even

though the force is given by dp/dt. Instead, we define the force 4-vector, or 4-force, F*,

as:
dpH

=S (4.30)
dr

Using dt/dr = ~,, this yields F# = ~,, (dP*/dt), which can be written as:

1dFE

FHo= (=St ) 431

<7 TR > (4.31)

where f is the force acting on the particle (we now omit the subscript k). These two
equations establish the relativistic form of the equation of motion, valid in any inertial

frame.

The scalar product of the two 4-vectors U* and F* is invariant and equal to its value

in the particle’s rest frame. Therefore:

dFE dm
wopr — A2 f. =2 4.32
where we have used E = mc? and t = 7 in the rest frame. This can also be obtained
without referring to a specific frame: since P*# = mUH* and (U “)2 = —c? is constant, we
have:

d(mU*) dm o md(UM)? 5 dm

Uk.pr—pr. N2 L 2 (K L2\ 2

dr dr (UF)"+ 2 dr ¢ dr

According to equation (4.32), the mass of a particle could vary along its worldline if the
particle interacted with a field whose value contributes to its mass. This is the role of the
Higgs field: elementary particles, such as the electron, owe their mass to their interaction
with it. However, the Higgs field has a uniform, constant and non-zero vacuum expecta-
tion value, so that the masses it generates are constant. For the interactions considered
in this course, the mass of a particle therefore remains constant, so that dm/dr = 0.
Equation (4.32) then implies:

% =f-u, (4.33)
where E represents the relativistic energy, which includes both kinetic energy and rest
mass energy. Since the mass is constant, dE/dt is the rate of change of kinetic energy.
Just as in classical mechanics, this is equal to the work done by the force per unit time.

Since F'* is a 4-vector, it transforms according to Lorentz transformations, allowing us

to calculate the force in different inertial frames.
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4.4 Four-acceleration and instantaneous rest frame

As discussed earlier, the relationship between the 4-force and the 4-momentum is the
relativistic equation of motion. Similar to non-relativistic mechanics, the 4-force can be
expressed in terms of a 4-acceleration, though this 4-vector is not related to the spatial

acceleration vector in a straightforward way.

4.4.1 Four-acceleration

Given that P* = mU* and that the mass is constant, as discussed in section 4.3, equa-

tion (4.30) can be rewritten as:

dU*
Ftr=m——
e
which leads us to define the 4-acceleration:
du+
At = ——. (4.34)
dr
Using dt/dT = ~,, this gives:
dU* dv, dve du
At =~y —— = —C, —— — . 4.35
Tu dt u(dt ¢, dtu+’7udt ( )
We have:
dvy, 3 1 d(u-u) su-a
LR i Sl AP Sl 4.36
where a = du/dt is the standard spatial acceleration vector.
Therefore, the 4-acceleration can be expressed as:
AP =2 (ﬁﬁ,ﬁu—fu + a> . (4.37)
c c

Because f = dp/dt and p = ~,mu, there is no simple relation between the force f and the

acceleration a.

4.4.2 Instantaneous rest frame

When a particle accelerates (with acceleration that may vary over time), its rest frame can
be defined as the inertial frame in which the particle is momentarily at rest at any given
instant. This frame, called the instantaneous rest frame (IRF), changes continuously as the
particle’s velocity changes. In this frame, the particle experiences the proper acceleration,
namely the physical acceleration felt by the particle and measurable by an accelerometer

comoving with it.
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Consider an inertial frame (S) in which the particle has velocity u(t), with ¢ the time
measured in (S). At time t = tp, the IRF of the particle, denoted S(tp), is the inertial
frame moving with the constant velocity u(tp). At a later time ¢1, the IRF S(¢;) is the
inertial frame moving with the (generally different) constant velocity u(t1). In S(tp), the
particle is momentarily at rest, and although it immediately acquires a small velocity in
that frame, the coordinate time elapsed in S(¢yp) during an infinitesimal interval is equal,
to first order, to the proper-time increment dr. The same holds for S(¢1), and for any
IRF: because an IRF is the inertial frame tangent to the particle’s worldline at a given
event, the time interval measured in that frame during an infinitesimal step is equal, to
first order, to the proper-time increment dr, i.e., the time recorded by a clock attached to

the particle.

In the IRF, the instantaneous velocity of the particle is zero, so v, = 1, and dE/dt =
d (mc?) /dr. Therefore, the 4-force (4.31) in this frame is:

d
Pr= (cm,f0> , (4.38)
T

where fj represents the ordinary 3-force in the IRF. Since the particle’s velocity is zero in

its IRF, equation (4.37) implies that the 4-acceleration there is:
A* = (0,a9), (4.39)
where ag is, by definition, the proper acceleration. This yields:
(AM)? = a2,

Using equations (4.38) and (4.39), the time component of F¥ = mAH gives dm/dr = 0,
consistent with the mass being constant, as discussed in section 4.3. The spatial compo-
nents give:

mag = fy. (4.40)

This relation between force and acceleration holds in general only in the IRF. In any other
inertial frame, the relation F* = mA* is consistent with f = dp/dt, but it does not in
general reduce to f = ma.

This can be seen more explicitly by transforming the force and acceleration from the
IRF to an inertial frame (S). Assuming the particle moves in (S) with velocity u along the

z-axis, transformation of the 4-force gives:

1dE U
1d& w L0 0 0
%c dt u’y C’Y
uJx ~Yu Tu 0 0 fO
whe ) e . (4.41)
’Vufy 0 0 1 0 ny
vt 0 0 0 1/ \fo:

which yields dE/dt = ufoz, fo = fox, fy = foy/7u, and f. = fo./7u.
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Similarly, transforming the 4-acceleration yields:

ua U
73 . Yu —Yu 0 0 0
c c
9 [ oUly U
g (7“ 2t “f’*“) B U , (4.42)
’yﬁay 0 0 1 0 oy
Y2a, 0 0 0 1 aoz

which gives a, = agz /72, ay = agy/ 72 and a, = ag, /2. Therefore, mag = fy implies that

’ngimax = f:ca YuThGy = fy and YuMa, = fz

Finally, we note that, in the IRF, U* has no spatial component while A* only has
a spatial component. Consequently, their scalar product is zero. Since this result is
invariant, it implies that the 4-velocity and 4-acceleration are always orthogonal, leading

to:

Ut A* = 0. (4.43)

4.4.3 Proper acceleration and rapidity

Consider a particle initially at rest in an inertial frame (S). We label its velocity using the
proper time 7, recorded by the clock attached to the particle. At time 7, the particle is
moving with velocity u(7) in frame (S), and its IRF, denoted as S(7), moves relative to

(S) with the same velocity.

At time 7 + d7, the particle acquires in S(7) a small velocity increment dug = agdr,
where ag is the proper acceleration. In frame (S), its velocity at this later time is u(7+4d7).

Using the velocity transformation given by equation (3.20), we obtain:

aodT + u(7)
dr) = .
u(r+dr) 1+ apdr u(r)/c?

Here, we assume that ag and u(7) are aligned, so that u (7 + d7) remains parallel to the
boost velocity. When ag is not parallel to u(7), successive boosts are in different directions
and, as discussed in section 2.4.3 of chapter 2, they combine into a boost and a rotation,

so that the simple result derived below no longer applies.
Defining du = u (7 + d7) — u(7), and neglecting terms of second order in dr, we obtain:

du

Touzja = 47

The left-hand side simplifies to ¢ d [tanh™" (u/c)], where tanh ™' (u/c) is the rapidity (,
as defined in chapter 2 (eq. [2.46]).
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Integrating the equation yields:

C(r) =2 /O "o () dr, (4.44)

where we have used ¢ = 0 at 7 = 0. In the non-relativistic limit u/c < 1, ( >~ u/c and the

equation simplifies to u(7) = [ ao (7') d7’, as expected.

To see the utility of this relation, consider a particle that receives two brief, equal
proper-acceleration pulses separated by a proper-time interval Amest during which the
particle coasts:

e Pulse 1: duration A7y, constant proper acceleration ag
e Rest interval: ATy (n0 acceleration)
e Pulse 2: duration Am, = A7y, same ag

Each pulse imparts a rapidity increment

A¢ = 08T

C

From equation (4.44), the total rapidity after both pulses is simply:

2a9 AT
Cﬁnal = QAC = Oc 17

independent of the rest interval. The corresponding final velocity in frame (S) is:

2ap9A
uy = ctanh (gpal :ctanh< il Tl).

Cc

This additivity reflects the fact that rapidity is the natural parameter of Lorentz boosts:
successive boosts combine by adding rapidities, whereas velocities combine nonlinearly.
Indeed, if u; = ctanh A( is the velocity after the first pulse then, using tanh2z =
2tanhz/ (1 + tanh®z), we obtain uy = 2uy/ (1 +u?/c?) < 2uy, in agreement with the
velocity composition formula (3.19).

4.5 Particle collisions

In particle physics, collisions typically refer to interactions between particles mediated
by fundamental forces rather than physical contact. This includes scattering events,
annihilation and particle creation, where the forces at play determine the outcome of

the interaction. We now consider such processes.
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4.5.1 Total four-momentum

As discussed above, in the absence of external forces, the total momentum of the system
is conserved. Additionally, when particles are sufficiently far apart, either long before or
after the interactions occur, there is no energy associated with interaction forces, and the
total energy of the system includes only rest and kinetic energies. Therefore, the sum PH

of the momentum 4-vectors for each of the N particles, given by:

N
owo_ wo_ Etotal
pPr = Z P = c Ptotal | 5 (445)

k=1

is conserved if evaluated long before and long after the collision. Here the subscript &

refers to the k-th particle.

This sum is also a 4-vector. Indeed, each P,f is a 4-vector, transforming to a frame
(S) as P,;“ = AP/, where the coefficients of A depend only on the velocity between frames
(S) and (S'). If all P are evaluated simultaneously in frame (S), the transformation
might result in the P,i” not being simultaneous in frame (S’). However, if the 4-vectors
are evaluated when the particles are far apart, they are time-independent, as each particle
conserves its energy and momentum. Thus, P'* = AP#, indicating that P* is itself a
4-vector, and therefore its squared length is invariant. Calculating it in the centre of
momentum frame, where pyoral = 0, we obtain (P*)? = —E2. /%= - Yuymi)? 2,
where wuy is the velocity of the k-th particle in that frame. By analogy with a single
particle, we write (P“)2 = —M?3c?, where M = ", vy, my is called the invariant mass of
the system. Note that M is generally larger than the sum of the masses of the particles,
> i Mk, since it includes their kinetic energies in the centre of momentum frame. Since

P* is conserved, the invariant mass is conserved in any collision.

The conservation of total energy and total momentum each provide distinct constraints
on the system, but these constraints only relate quantities calculated within the same
frame. We often gain additional useful information by noting that the squared length of
the total 4-momentum remains invariant, as this allows us to derive relationships between

quantities calculated in different frames.

We denote the total energy and momentum of the system (comprising all particles) by

FE and p, respectively, and the sum of the individual particle masses by
m = Z mi.
k

We use the subscripts ‘before’ and ‘after’ to denote the values of these quantities before

and after the collision. We assume throughout that the system is isolated.
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We then have the following results, where K denotes the total kinetic energy of the

particles::
e (lassical collisions:

— Momentum: Pafter = Pbefore;
— Mass: magter = Mpefore

— Energy: the total energy is conserved, but the kinetic energy may be converted
to or from internal energy (heat, deformation, chemical energy), which does not
affect the mass:

x Elastic collision: Kfer = Kpefore,
* Explosive collision: Kafier > Kpefores

x Sticky collision: Kafer < Kpefore;
e Relativistic collisions:

— Momentum: Pafter = Pbefore;
— Energy (kinetic plus rest): Eafter = Ebefores

— Mass: since the rest energy now includes the internal energy, any change in

kinetic energy is balanced by a change in the sum of the masses:

x Elastic collision: K,fer = Kpefore and Mafter = Miefore,
x Explosive collision: Kafier > Kpefore and Mafter < Mbefore,

x Sticky collision: Kager < Kpefore and Magter > Mbefore-

4.5.2 Centre of momentum frame

Let P* = (Fiotal/C, Ptotal) represent the 4-momentum of the entire system of particles in
frame (S), and let P** = (E*/c,0) represent the 4-momentum in the centre of momentum
(CM) frame. Here, E* is the energy of the system in the CM frame. The CM frame moves
with velocity vem relative to frame (S), and we choose the z-axis to be in the direction of
that velocity. We denote 7., as the Lorentz factor associated with the velocity ven and
Acm as the transformation matrix from frame (S) to the CM frame.

Using Ay P* = P*#, we have yem (—UcmEtotal/ ¢+ ptotal,x) = 0 and piotaly = Protal,z =
0. This implies that ptotar is parallel to ven, and:

2
PtotalC
Vem = . 4.46
¢ Etotal ( )

We now consider various cases of relativistic collisions.
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4.5.3 Elastic collision: proton-proton scattering

Consider two protons moving along inclined paths, approaching a point of collision. We
assume the protons remain intact during the collision. The diagrams below illustrate the
situation before and after the collision in an arbitrary frame, in the rest frame (S) of one

of the protons, and in the CM frame of the two protons:

In an arbitrary frame:

P1
‘\ e
':{Z:collision
/ - g

P2

.\

|

In the rest frame (S) of one In the CM frame:
of the protons:

before after before after

In the diagram, we have assumed that the proton moving forwards in the CM frame also
moves upwards. However, if it were to move downwards instead, the results presented
here would remain unchanged. Hereafter, we denote quantities in the CM frame with a
superscript ‘*’ and quantities after collision with a prime. Velocities are denoted u, except

for the velocity of the centre of momentum frame, which is vep,.

In classical mechanics, the conservation of momentum in frame (S) implies (p} + ph)* =
P+ p? +2p} - ph = p?, and the conservation of energy implies u}? + v = uf. This leads
to p} - p5 = 0, indicating that the protons scatter at right angles to each other.

We will now show that this is no longer the case in relativity. Denoting the mass of

the proton as m,, we have the following relation in the CM frame:

mpty _ Myt
L—u?/c2 /1 —u3?/c?

pizpéi\/ = uy = up.
Since ug = 0, the velocity transformation from frame (S) to the CM frame yields u} =

—Vem- Therefore, u] = u3 = vem.

Similarly, the fact that the protons have equal and opposite momenta after the collision
implies v} = uf. Conservation of energy in the CM frame then implies that the v factors
of the protons must be the same before and after the collision. Consequently, the velo-

cities after the collision are the same as before, meaning u}* = u% = v¢py, which implies

Ik
P =D = YemMpUcm-
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Next, we consider the transformation of the post-collision 4-momentum of the proton

represented in red on the diagram. In the CM frame, it is given by:

E*
P = <17p* cos 0%, p* sin&*,O) ,
c

with Ef = vemmpc?. In frame (S), it becomes:
E/
P = <1,p’1 cos 01, p) sin 6, 0) :
c

We have P* = (Aewm) ™' P/, where (Aem) ' is the transformation associated with the

velocity —wvem. This yields:

P cos 1 = Yem (vcml_@i‘/c2 + p* cos 9*) and p]sin@; = p*sin 6*.

Since vemF}/c? = YemMpVem = p*, dividing the second equation by the first one then
gives:
sin 6* sin 6*

tan 6, = . Similarly, tanfy = .
i Yem (1 4 cos 6*) HHrary, tansa Yem (1 — cos 6%)

If 6% = 0 or 7, the transformation shows that both 6; and 05 are also 0 or . We have:

tan 61 + tan 6o 2%em
tan (01 + 02) = = .
an (01 +62) 1 —tanftanfy (72, —1)sin6*

When uy/c < 1 and therefore ~vey, — 1, we have 61 + 63 — 7/2. Conversely, when
uj/c — 1 and therefore ve, — 400, we have 01 + 03 — 0. For a fixed value of vep > 1,
01 + 62 < /2. The two protons therefore emerge closer to the forward direction than in

classical mechanics, an effect that becomes more pronounced as the energy increases.

4.5.4 Emission and absorption
Spontaneous emission

Spontaneous emission is a process in which an excited atom (or molecule) loses energy
by emitting a photon and transitioning to a lower energy state. In the rest frame of
the atom before emission, the 4-momentum of the atom is P* = (Mec,0), where Mc?
is the rest energy of the excited atom. After emission, the 4-momentum of the atom is
P'" = (E'/e,p'), and that of the photon is P = (E!/c,pl). Let M'c* denote the rest

energy of the atom after emission.

Conservation of momentum implies that the atom recoils (acquires some momentum)
during the emission of the photon, so that £’ > M’c? and the energy E/ of the photon is
not merely the difference Eq = (M — M’) c¢® between the rest energies of the excited and

de-excited atom. To calculate Eiy, we apply conservation of 4-momentum:
2 2 2
Pl — Pl = P = (P*)* 4 (PM)" — 2P . Pl = (P™)".
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By isolating P’*, we avoid involving the unknown momentum p’ in the calculation. Using
the relations (P*)? = —M?2¢2, (P'*)? = —M"¢2, (p§~)2 =0and P*. P} = —ME/, we
obtain —M?2c¢? + 2ME!, = —M"¢?, which simplifies to:

E’:w: 1_ﬂ E
g oM oMe2 ) "

Radioactive decay

Radioactive decay is a natural process by which an unstable atomic nucleus loses energy by
emitting radiation, which can be in the form of alpha particles, beta particles, or gamma

rays:
e a-decay: The parent nucleus emits an « particle and decays into a lighter nucleus,
e (-decay: There are two types:

(i) B~ -decay: A neutron is converted into a proton, an electron, and an antineu-

trino. This can occur in a nucleus or with a free neutron.

(ii) B*-decay: A proton is converted into a neutron, a positron, and a neutrino.
This occurs within a nucleus since a free proton cannot decay in this manner

due to its lower mass compared to a neutron.

In both types of 5-decay within a nucleus, the electron or positron and the (anti)neutrino

are emitted, resulting in the transformation of the nucleus into a different element.

e ~-decay: An unstable nucleus releases energy in the form of v-rays, usually following

« or -decay when the daughter nucleus is produced in an excited state.

Let us consider 37-decay. If a free proton could undergo this process, it would be rep-
resented as: p — n + e + v,. In the rest frame of the proton, conservation of energy

2 = mpc® + mec? + kinetic energy + E,,, where m,, and m,. are the masses of

implies: my,c
the neutron and positron, respectively, and F,, is the energy of the neutrino, whose mass
is negligible. This requires mp02 > mpc® + mec?. However, this condition is not satisfied,

as mp02 = 938.27 MeV and m,,c* = 939.57 MeV.

The situation is different when the proton is within a nucleus because of the binding energy.
This is illustrated by the reaction: (A,Z) — (A,Z —1) +e" + v,, where (A,Z) denotes
a nucleus with mass number A and atomic number Z. Energy conservation now requires
the nuclear mass of (A,Z) to be greater than the sum of the nuclear mass of (A,Z-1) and
the mass of the positron. This condition is satisfied, for example, for A = 11 and Z = 6,

corresponding to Carbon-11, which can decay into Boron-11.
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Absorption

Absorption of a particle as it collides with another particle at rest can result in either the
two particles sticking to each other, or the emission of different particles. Here are a few

examples of such processes:

e Photoelectric effect: Absorption of a photon by an atom, causing the atom to eject

an electron.
e Excitation: Absorption of a photon by an atom, raising the energy state of the atom.

e Neutron capture: Absorption of a neutron by a nucleus, resulting in the formation

of a heavier isotope.

4.5.5 Proton-proton collision and pion production: threshold energy

When two protons collide with sufficient energy, a pion can be produced:

p+p—p+p-+’

In the rest frame of one of the protons before the collision, the 4-momenta are P}’ =
(E1/ec,p1) and P4 = (mye, 0), where E) is the energy of the moving proton. Conservation
of energy requires the kinetic energy of the moving proton to be equal to myc? plus the
kinetic energy of the particles after collision, where m, is the mass of the pion. The
minimum value of Ej required to produce a pion is called the threshold energy. This
corresponds to all the particles being at rest in the CM frame after the collision. The
total 4-momentum in the CM frame is then P** = (2my,c + myc,0). The squared length
of the total 4-momentum is invariant, meaning® (P}’ + P4’ )> = (P**)?, which implies
(PI)? + (P’ + 2P/ - Pl = (P*)%. This yields —2m2c* — 2E1m;, = — (2mpe + maqc)?,

which simplifies to:

(2m, +my)? e — 2m2c?

E =

2my,
The corresponding threshold kinetic energy of the moving proton is K = £} — mp02 =
mxc® (2 + my/(2my)), which is about 280 MeV for the 7° (m,c* ~ 135 MeV). This is more
than twice the rest energy of the pion: much of the energy of the incident proton is needed
to provide the kinetic energy associated with the motion of the centre of momentum, which

is conserved.

*We could define the total momentum before collision as P* = (my,c + E1/c, p1) and square it, instead
of squaring P/ + PY. However, this would introduce p?, as (P*)*> = — (mpc+ E1/c)® + p?. Using
pic? = Ef — mZc*, we obtain (P*)> = —2m2c? — 2E1m,. This result can be derived more directly
by using (P*)? = (P + P{)? = (P*)? + (P{)? + 2P} - P}, which avoids introducing p;.
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4.5.6 Annihilation processes

In general, when a particle collides with its antiparticle, they annihilate, producing other
particles, typically photons, neutrinos or lighter particles, depending on the available en-
ergy. The number and types of particles produced depend on the specific interaction and
the energy of the colliding particles. Annihilation leading to photons is a clear example of
the equivalence of mass and energy: the entire rest energy of the particle and antiparticle

is transformed into the energy of massless particles.

An example of annihilation producing lighter particles is the collision of a proton with

an antiproton, which results in the production of pions (7, 7=, 7).

When an electron and positron collide at low energies, they annihilate and produce
photons: e~ + et — v + . In the centre of momentum frame of the particles before
the collision, the total momentum is zero. Therefore, after the collision, momentum con-
servation requires the two photons to have equal and opposite momenta. In particular, a
single photon cannot be produced, since its momentum could not be zero. Additionally,
conservation of energy implies that each photon has an energy at least equal to the rest

energy mec? of the electron (or positron, as their masses are identical).

4.5.7 Compton scattering

Compton scattering is a phenomenon in which a photon scatters off a charged particle,
typically an electron. When a photon interacts with an electron at rest, part of the photon’s
energy is transferred to the electron, causing it to recoil, while the photon is scattered at
an angle with reduced energy, resulting in a longer wavelength. The key result of this
interaction is that the change in the photon’s wavelength, known as the Compton shift,

depends on the angle at which the photon is scattered.

The diagram shows the collision in the electron’s

py rest frame. The photon’s momentum before and

&—> -8 after the collision is p, = hk = h/X and p’7 =

hk! = h/XN, respectively. The electron’s momen-

tum after the collision is denoted by p.. The cor-

— — responding photon energies are £, = hv = he/A
before after and E! = hv' = he/N.

The 4-momentum vectors for the photon before and after the collision are:

h h h h h .
Pl = ()\’/\’0’0>’ Pfj‘: <X,XCOSQ,Xsm9,O>.
The 4-momentum vector for the electron before the collision is P{ = (mec,0), and we

denote the 4-momentum after the collision as P*.
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Conservation of 4-momentum gives:

(Pt + PE — PIM? = (P2,

By isolating P2, we avoid involving the unknown momentum p/, in the calculation. Using
the relations (P#)2 = (Pfy”)2 =0and (P*)? = (Pé”)2, we obtain:

h hh hh h
Pl P{— Pt PF— PEPH = —Xmec—i— v Xycosﬂ—i— el = 0.
Finally, solving this expression yields:
N == 1—cos#). 4.4
e (1 —cosb) (4.47)

For forward scattering (6 = 0), there is no shift in wavelength (i.e., A = \), while for
backward scattering (# = ), the shift is maximised and equal to 2h/(m.c). The quantity
h/(mec) ~ 2.43 pm is called the Compton wavelength of the electron.
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Chapter 5

Special relativity and

electromagnetism

In the second-year Electromagnetism course, it was demonstrated that electric and mag-
netic fields transform into each other when moving between reference frames, indicating
that they cannot be treated as separate entities. In this chapter, we will discuss how these

fields combine into a tensor. We begin with an introduction to tensors.

5.1 Tensors

As mentioned earlier, one of the postulates of relativity is that the laws of physics are the
same in all inertial frames. Consequently, we aim to express these physical laws in a form
that remains invariant under changes in coordinates or reference frames. This is referred
to as the covariant formulation of physical laws.

This concept was illustrated in chapter 4, where the laws of dynamics were expressed
using 4-vectors, which transform according to well-defined rules between reference frames.
For example, the law F* = mA* in frame (S) retains its form F'* = mA’" in a frame
(S'), moving with velocity v relative to (S), because both 4-vectors transform according
to F'* = A", F” and A’ = AM, AV,

More generally, tensors are mathematical objects that transform according to rules
that ensure the covariant nature of the physical laws in which they appear. In particular,
if all the components of a tensor vanish in one inertial frame, they vanish in all inertial
frames. An equation between tensors of the same type therefore holds in every inertial

frame if it holds in one.

5.1.1 Preliminary

Consider an ensemble of particles, all with the same mass m and velocity u in frame (S).
In the rest frame (Sp) of the particles, where there are ng particles per unit volume, each
particle has an energy of mc?, resulting in an energy density of ngmc? = poc?, where

po = ngm is the mass density.
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Frame (S) moves relative to frame (Sp) with velocity —u. Due to length contraction
along the direction of this velocity, a unit volume in the rest frame corresponds to a volume
of 1/7, in frame (S). Therefore, the number of particles per unit volume in frame (S) is
Yuno- In this frame, each particle has an energy v,mc?, so the energy density becomes
Yulo X yumc? = y2poc?. Notably, this equals pg (u0)2, where 10 is the first component of
the 4-velocity:

Ut = (UO’ ul’ U2a US) = (YuC, Yulle, Yuly, Yullz) -

By multiplying the components of U* with each other and then by pg, we obtain the 16

terms poutu”, denoted as t*¥ :

00 2 2 02 2 0] 2
£ = poy,c, = povucui, t7 = poy,uiug,

t% represents the energy density of the ensemble

where 4,5 = 1...3. As discussed earlier,
of particles. Writing t% = ~,nq X y,mec x u;, we see that this represents the flux of energy
in the i-direction, divided by c. Equivalently, since ~,mu; is the momentum of a particle,
t% is ¢ times the momentum density in the i-direction, in agreement with the relation
S = gc? derived in section 4.2.2. Finally, t¥ = v,ng X yamu; X u;j represents the flux of
the i—th component of momentum in the j-direction.

These quantities are all physically meaningful, so it is of interest to see how they transform
from one frame to another. We denote the set of numbers t*” as T"", that is to say

T = poUHU". Using the transformation properties of the 4-velocity, we have:
T = poU'PU" = po AP USAY \ U = A* A”\ T, (5.1)

This indicates that TH" transforms in a specific manner. This is an example of a con-

travariant tensor. The equation above can also be written in matrix notation as:
T = ATAT, (5.2)

where T is the matrix with components 7", and AT denotes the transpose of the Lorentz
transformation matrix. Although we generally use index notation, this matrix notation

will occasionally be convenient.

We could alternatively define a covariant tensor 7}, = poU,U,. This transforms as:

T, = poU U}, = poA,"Uc A UN = APA N T (5.3)
The relation between these two tensors is:

T = poUnUs = poguxU"ginU> = gueginT™, (5.4)

which shows that we can ‘lower’ indices as in the case of 4-vectors.

This is a specific case of tensors, and we now define them more generally.
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5.1.2 Definition

Tﬂlmﬂm

A tensor of type (m,n) is denoted and is defined as an object that transforms

under a Lorentz transformation according to:

Y G G W O W S (5.5)

V1...Un K1 Km Vl Al An

Using equations (3.58) and (3.60), we can alternatively define a tensor as an object that

transforms according to:

et _ oz’ Ggltm gz 0™ e
V1...Un Okt to Oxtm Hrv1 to Ox'vn Al An

(5.6)

This more general definition applies to any transformation between the sets of coordinates

z# and z'*

Note that upper and lower indices are sometimes staggered for clarity, though there is no
strict convention regarding which should be positioned to the right. The type of the tensor
refers to the number m of contravariant indices and the number n of covariant indices.
The rank, or order, is given by m +n. A tensor T* of type (1,0) is a contravariant vector
(rank 1), whereas a tensor T, of type (0,1) is a covariant vector (rank 1). Tensors with
both covariant and contravariant indices are referred to as mized tensors. A scalar is
conventionally described as a tensor of rank 0. In the following sections, we discuss higher

rank tensors.

Equation (5.4) shows that indices can be lowered in the special case where a tensor
is formed by multiplying two 4-vectors. We now verify that indices can be raised and
lowered more generally, in the same manner as for 4-vectors. For simplicity, we consider
a covariant tensor of order 2, T,3, though the procedure generalises to any mixed type

tensor of any order. The tensor transforms as:

ozﬁ - A AB Tse = Yoo A o ga 6956’ Aﬁ B gﬂ T

where we have used equation (3.55). Next, we multiply both sides by ¢¢® and ¢"? (and

sum over « and 3):
Ca gnﬁ T&,B _ gCa gaa’A " Q,Bﬁ’ A’BB g° a’s ﬁ”e Ts.
= 05, A 80 A7 5, 02" g7 T
Thus:
<g ST ) = A AT, (ga”6 gt T&)’ (5.7)
where the brackets indicate the transformed objects. Since both sides obey the defining

transformation law of a rank-2 contravariant tensor (eq. [5.5]), the bracketed quantity on

each side must be a contravariant tensor.
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Hence we identify them as the raised-index tensors:
A I A g g"” T, = T'én.

By the same reasoning, we also obtain g.~s ggr. T = Torgo.

We summarise the raising and lowering operations as:

Taﬁ = Jas 9pBe T§€7 Taﬁ = ga(S gﬁﬁ Tse (58)

5.1.3 Operations on tensors
Multiplication

Tensors of rank 2 can be constructed by multiplying two rank 1 tensors, as illustrated by
a specific example in the preliminary section (though this is not the most general method
for obtaining rank 2 tensors). In chapter 3, while discussing 4-vectors, we defined the
scalar product, symbolically denoted as A* - B¥| as the multiplication of a covariant (row)
4-vector by a contravariant (column) 4-vector, A,B*. This operation results in a scalar.
We also noted that the product of two covariant 4-vectors, A, B, or two contravariant
4-vectors, A*B*, does not follow the usual vector multiplication rules. Such products
yield a tensor.

For instance, given two contravariant 4-vectors:
AF = (a°,a',a* @) and B = (1°,b',0%,b°%),

we can generate 42 = 16 numbers by multiplying each component of A* with each com-

ponent of B¥. This set of numbers, a*b”, forms a tensor, denoted as:
™" = A*BY, (5.9)

and a”b” are the components of the tensor. It is straightforward to verify that T+ satisfies

the definition [5.5] of a tensor since both A* and B transform as 4-vectors:
T = AMBY = A* ARN"\B* = A", A\ T,

Just as the scalar product is symbolically represented by A* - B¥, the tensor product
(also known as the outer product) is denoted by A* @ BY. It is important to note that
contraction of indices occurs in the scalar product, but not in the tensor product. The
tensor T is of type (2,0) and has a rank of 2. Similarly, we can generate mixed-type
tensors of rank 2 by multiplying the components of a covariant 4-vector A, with those
of a contravariant 4-vector B”: T)] = A, B", where the components of the tensor are the
numbers a,b”.

More generally, the product of n 4-vectors yields a tensor of rank n, and the product

of two tensors of ranks nq and no gives a tensor of rank ni + ns.
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Addition

Only tensors of the same type (m,n) (and therefore the same rank m + n) can be added
together. This means they must have the same number of covariant and contravariant
indices. The resulting tensor has the same type and rank as the original tensors, and is

formed by adding the corresponding components of the tensors being summed.

Contraction

We have already encountered index contraction in chapter 3 while dealing with 4-vectors.
Now, we extend this concept to more general tensors. Contracting a tensor involves
summing over one upper index and one lower index within the same tensor or across
different tensors.

Hm

Contracting a single tensor T“ 1 . over indices u; and v; is achieved by setting p; =
v;, renaming it as, say, a, and summing over all possible values of a. Using Einstein’s

summation convention, this is written as:

M1 fi—1 Q@ Hi41---Hm
Vi..Vj—1 QVjy1...Un

M 1L Hm
Vj—1Vj41.--Un
that this is indeed a tensor by examining its transformation properties:

The result is a new tensor Ul’f v which is of order n +m — 2. We can verify

U/lil--#iflﬂwrl---ﬂm _ T/lllmllifl a fig1--Pom __
V1i..Vj—1Vj41...VUn Vi..Vj—1 QVjy1...Un

Hi—1 a Hi+1 A 1
AR N A A A AN A, T A

Km~"V1

Aj+1 An Rl Km
Vit c AN, T

Using the property of the Lorentz transformation matrix given by equation (3.57), which

gives A“mAa)‘j = (523 , we simplify this expression to:

w1 Mi—1 Mit1 Lm A1 Aj—1 J+1 Ap L Ki—1 b Kig1.hm
A Hl...A ki A fiz‘+1'”A ,{mAl,1 .. AZ,J L A,,]Jrl A T A1 b AgiroAn

where we have renamed b = K; = A;.

Ri—1Ki41.--Km

By definition, the last term on the right-hand side is equal to U o NV showing

that UHtHi-thirilim 4onsforms as a tensor.
V1. Vj_1Vj41...Un
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This calculation assumes that m and n are greater than 1. If m = n = 1, contracting

Tlft involves calculating its trace:

Te(T) = T". (5.10)

For a contravariant tensor T"” (or a covariant tensor T}, ), one index must first be lowered
(or raised) with the metric, so that the trace is T} = g, T* (or T}, = g"*'T,).

When either m or n is equal to 1, contracting indices produces a tensor that is either

covariant (if m = 1) or contravariant (if n = 1).

We can also contract different tensors by summing over matching upper and lower

indices, as demonstrated in the following example:

WYV po
Ugy =T 51ty
The transformation is given by:

1wy UV I I / 6’ A N/Vl o
U BA T T aﬁR AT A M’AVV/Aaa Aﬂ Aaa”A,\ TO/B/ R}\//

Using the relation A% ,A,% = 53,,, (eq. [3.57]), we obtain:

U = N AT A AT RS

— AM BN N v
a/B/ )\// - A— M/AVV/AB A>\ U

B/)\//

demonstrating that U [/;)\V is indeed a tensor. This approach can be generalised to the

contraction of any number of indices involving any number of mixed tensors.
If m = n, a full contraction can be performed by summing over all possible pairs of

matching indices, as illustrated in the following example:

v pof3
Ta 3 R;w .

This operation reduces the rank of the resulting tensor to zero, yielding a scalar that is
invariant. This invariance can be demonstrated with a simple case:

TR, = A N gA A TP R,

Using the properties A¥oA,” = (53 and AY 5AV‘S = (52, we obtain T ”“’R;W = T8 R,p. This

demonstrates that the scalar remains invariant under the transformation.
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5.1.4 Symmetric and antisymmetric tensors

A tensor is said to be symmetric if it remains unchanged when any two indices of the same
type (both contravariant or both covariant) are interchanged. Specifically, a rank-2 tensor
TH is symmetric if it satisfies the condition TH” = T"¥.

Conversely, a tensor is said to be antisymmetric if its components change sign when
any two indices of the same type are interchanged. For a rank-2 tensor A*”, this property
is expressed as A" = —AYH, which implies that all the diagonal elements of the tensor
are zero.

These properties do not depend on the reference frame: if TH¥ = T"*, then T'"* =
AV A\THA = AV AF\TA = T'"™ and similarly for antisymmetric tensors.

A symmetric rank-2 tensor in four dimensions has 10 independent components and an
antisymmetric one has 6.

Any rank-2 tensor can be written as the sum of a symmetric and an antisymmetric
tensor: TH = % (TH +TYH) + % (THY — TVH).

Finally, the full contraction of a symmetric tensor S#” with an antisymmetric tensor
A, vanishes, since S*A,, = S""A,, = —-S""A,, = —S* A,,, where the last equality

follows from renaming the dummy indices.

5.2 Invariance of the electric charge

While currents depend on the motion of charges and thus vary across different inertial
frames, the electric charge carried by a particle has the same value in every inertial frame.
This is an experimental fact, as discussed below.

The force exerted by a moving charge on another charge depends on its velocity, and
its electric field is no longer spherically symmetric, as will be shown in Chapter 6. The
force on a test charge therefore depends on where the test charge is placed, and does not
by itself provide a convenient measure of the moving charge. Instead, we define the electric

charge ) within a volume V using Gauss’s law:

Q:eo/EE~ﬁdE. (5.11)

Here, the integral is taken over the surface ¥ enclosing the volume V, with n representing
the outward surface normal. The surface ¥ is stationary in frame (S), and the electric
field E is measured at all points of ¥ at the same time ¢ in (S), through the force on a
test charge at rest in (S). The surface ¥ can be chosen arbitrarily, provided it encloses the
charges at the time at which the measurement is made. Gauss’s law therefore provides a

definition of the total charge @) that applies whether the charges are at rest or in motion.
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Experimentally, it is found that the charge @ defined in this way has the same value
in every inertial frame: if the charge is measured in another inertial frame (S'), using a
surface at rest in that frame and enclosing the same charges, the result is again ). This
is what is meant by the invariance of the electric charge.! Equivalently, the charge
of a particle does not depend on its velocity. For example, the electrons in a hydrogen
molecule and in a helium atom move with very different velocities relative to the nuclei,
yet both are found to be electrically neutral to about one part in 10?°. If the charge of a
particle depended on its velocity, this could not be the case. Similarly, heating a piece of
metal, which increases the speed of its electrons, does not cause it to become charged.

Although the charge is invariant, the charge density is not: combined with length
contraction, the invariance of the charge implies that the charge density depends on the

frame, as shown in the next section.

5.3 Four-vectors for the current and potential

5.3.1 Definition of the four-current

Consider an ensemble of charges all moving with the same velocity u in a frame (S). In the
rest frame (Sp) of the particles, the charge density is pg. Frame (S) moves relative to frame
(So) with velocity —u. Due to length contraction in the direction of this velocity, a unit
volume in the rest frame corresponds to a volume of 1/7, in frame (S). Additionally, the
charge of each particle remains invariant. Therefore, the charge density in (S) is p = yup0
(following the same reasoning as in section 5.1.1).

The current density in frame (S) associated with these charges is j = pu = v, ppu. This is
the spatial component of poU*, where U* = (¢, y,u) is the 4-velocity of a particle. This

naturally leads to the definition of the current 4-vector, or 4-current, J* as:

J* = poU" = (yupoc, Yupou) = (pc,j) . (5.12)

More generally, the charges may have a spread of velocities, as in a gas or in a conductor.
The 4-current is then the sum of the contributions from charges with different velocities.
Since each contribution transforms as a 4-vector, their sum is also a 4-vector. Thus,
quite generally, we may write J* = (pc,j) where p and j are the total charge and current

densities in the frame considered.

!Note that invariance of the charge, i.e. the fact that it has the same value in all inertial frames, is
distinct from conservation of the charge, i.e. the fact that the total charge of an isolated system does not

change with time. By contrast, energy is conserved but not invariant.
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Since J* is a 4-vector, in a frame (S") moving with velocity v relative to (S), it transforms
into J'* = A¥,J¥. This implies that the charge density p’ and current density j' in (S')
are given by:

ple=A°,J" and jl= A", J".

We align the z-axis with the velocity u. Therefore, frame (S) moves relative to frame
(So) with velocity —ux, where x is a unit vector in the a-direction. Now, consider frame
(S") moving with velocity vx relative to (S), and with velocity wx relative to (Sp). The

transformation of the 4-current from (S) to (S') yields:

(% U
plc = Vv (pc - E]r) = Yo YupP0C (1 - Cj) 5 (5.13)

where we have used p = y,p0 and j, = Yupou for the second equality. We can also obtain
¢’ by noting that, since in frame (S’) the charges move with velocity —wx, the charge
density in that frame is p’ = y,p0. We now verify that this expression for p’ is consistent
with equation (5.13). To express 7,7, in terms of 7, we use the invariance of the scalar
product. Consider a particle at rest in frame (Sp). Its 4-vectors in (Sp) and (S) are
Ul = (c,0) and U* = (yu¢, v,uX), respectively. Now consider a particle at rest in (S).
Its 4-velocities in (Sp) and (S) are V{' = (v, wwx) and V# = (y,¢, v,0X), respectively.
The invariance of the scalar product, UjVy, = U*V,,, yields Yl = YuYo (—62 + uv) .
Therefore, p' = Ywpo = YuYoP0 (1 —uv/ 02), which is consistent with equation (5.13).

5.3.2 Conservation law

The conservation of charge is expressed by the continuity equation:

ap

o TV i=0. (5.14)

Using the gradient 4-vector defined by equation (3.42), this can be written in covariant

form as:

9 J" = 0. (5.15)

Since d,,J" is an invariant, if charge is conserved in one inertial frame, it is conserved

in all inertial frames.

5.3.3 Lorenz gauge

Denoting ¢ as the electric scalar potential and A as the magnetic vector potential, we

have:

0A
ot’
B = VXA. (5.17)

E=-V¢— (5.16)
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Gauge transformation

The magnetic vector potential A is not uniquely defined, as different potentials can pro-
duce the same magnetic field. If both A and A correspond to the same field, then
B = VXA = VxA, which implies VX(A — A) = 0. The vector A — A is curl-free

and can thus be written as the gradient of a scalar function I', so A — A = VI'. Therefore:

A=A+ VI. (5.18)
For E to remain unchanged, ¢ must be transformed into qz; such that:

OA OA

which can also be written as:
Vé—v¢—§4vm
N ot '
This is satisfied with:
¢ =¢—0r/ot. (5.19)

Such a transformation from (¢, A) to (qg, A) is called a gauge transformation.
Although the curl of the vector potential is specified by equation (5.17), its divergence
can be chosen freely. Specifically, V- A = V - A 4+ V2I'. By choosing I' appropriately,

given A, the vector potential A can be made to have any desired divergence.

Lorenz gauge and wave equations for the potentials

In the presence of electric charges with density p and electric currents with density j,

Maxwell’s equations are given by:

v.E=" (5.20)
€0
V- B=0, (5.21)
0B
VXE=—"—". (5.22)
OE
VXB = ugj + ,UJQEOE. (5.23)

With E and B given by equations (5.16) and (5.17), Maxwell’s equations (5.21) and (5.22)

are satisfied. Next, we substitute equation (5.16) into Gauss’s law (5.20):

2 0 _ P
\Y% qb—i—a(V-A)_ ) (5.24)

€0
Finally, we substitute equations (5.16) and (5.17) into equation (5.23):

. 0 (0A
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Using the identity VX (VXxA) = V (V - A) — V2A, the above equation can be written

as:
2

0°A 0]
VZA — o5 —V (V- A — ) = —poj- 5.25
Ho€0 =53 < + poco 0t> H0J (5.25)
As previously noted, the divergence of the vector potential A can be chosen freely. We

adopt the Lorenz gauge, defined by the condition:

(5.26)

99
ot

V- A=—ppeo-

To show that this condition can always be imposed, suppose that a particular choice of
(¢, A) does not satisfy it. A gauge transformation with function I' gives:
- 10¢ 10 o 1 92T
V- A+—-—=V - A+ —5—+VIT - 5—, 5.27
* c2 ot * c2 ot * 2 Ot? (5:27)
so that (¢~>, A) satisfies the Lorenz condition if I" is a solution of the inhomogeneous wave
equation V2I' — ¢202T = —(V - A + ¢ 20,¢). We can therefore choose I' so that the

Lorenz condition is satisfied.

Substituting this condition into equations (5.24) and (5.25), we can recast Maxwell’s

equations into inhomogeneous wave equations for ¢ and A :

2 182<Z>_ P

— = = 5.28
c2 Ot2 €’ (5.28)
1 9%A .
VA - 2o —H0J; (5.29)

where we have used ppeg = 1/ 2.

5.3.4 Definition of the four-potential

Given the definitions of the 4-current (5.12) and the d’Alembertian operator (3.51), we

can introduce:

A — (¢,A> , (5.30)

C

so that equations (5.28) and (5.29) can be written as:

OAF = —pgJ*. (5.31)

Since the operator J = 0,0/ is invariant under Lorentz transformations, as shown in
section 3.6.4, and J* is a 4-vector, A* must also transform as a 4-vector. It is known as
the 4-potential. Although the notation is the same as for the 4-acceleration, the context

should make it clear which quantity is being referred to.
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If $ and A are the scalar and vector potentials in frame (S), then in frame (S’) they
transform to ¢ and A’ such that A’* = A¥, A¥. Specifically:

¢ Jc=A0 A" and A" = A" A”.

Here, the potentials on both sides refer to the same event: if this event has position 4-
vector X¢ in (8) and X'* = A% X" in (S'), then A*(X'®) = A*, AY(X?). The potentials
¢ and A’ are therefore expressed in terms of the coordinates in (S’), and their values mix
those of ¢ and A in (S).

The Lorenz gauge (5.26) can also be expressed in terms of the 4-potential as:

9, A" = 0. (5.32)

Similarly, the gauge transformation given by equations (5.18) and (5.19) can be written

in covariant form as:

AH = AM 4 OMT, (5.33)

since 0T = —%@F and 0'T = §;I". Under this transformation, (“)Mfl“ = 0, A" +0T, which

is the covariant form of equation (5.27).

The invariance of the d’Alembertian operator O ensures that equation (5.31), which en-
capsulates all of Maxwell’s equations, is in a covariant form. In other words, if A* and
JH transform to A’* and J'* in another inertial frame, then A" = —pugJ™" still holds.
This guarantees that the wave equation for the 4-potential maintains the same form across
different inertial frames, thereby preserving the consistency of physical laws in relativity.
Similarly, the invariance of the scalar product ensures that the gauge condition (5.32) is

also in a covariant form.

We have successfully rewritten Maxwell’s equations in an explicitly covariant form
without altering their original structure, as they were inherently covariant from the out-
set. In fact, this is closely tied to the historical development of the Lorentz transformation.
Recognising that Maxwell’s equations were not invariant under Galilean transformations,
Lorentz derived a transformation that preserved their invariance. Subsequently, Poincaré
demonstrated that these transformations formed a group, all of which occurred prior to
the development of the theory of special relativity. This inherent covariance of Maxwell’s
equations contrasts with Newton’s laws, which are invariant under Galilean transforma-
tions but not under Lorentz transformations. Deriving a covariant form of the equation
of motion, as presented in chapter 4, required the introduction of a relativistic definition

of momentum.
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5.4 Electromagnetic tensor

We now express the electric and magnetic fields in an arbitrary inertial frame in terms of

the components of the 4-potential:

)
C

A= (A%, AV, A2 A%) = (¢ AI,Ay,Az> .

Equations (5.16) and (5.17) can be rewritten as:

% __9 (gx/ o) _ i‘(;‘; — 'A% 4 8°4", (5.34)
% _ _3((%/0) _ 861;21 — 9240 4+ 9042, (5.35)
B, = 8(,;;3 — %iy = 0%A3 — 93 A2, (5.37)
B, - 35? B % _ 934l — 913, (5.38)

Z:%_%:81A2_82A17 (5.39)

where we have used the definition (3.45) of the contravariant 4-gradient 0*. We express
the derivatives using 0" rather than 0, to maintain a consistent pattern of signs in the

expressions for the components of E and B.

5.4.1 Definition of the electromagnetic tensor

Since both 0* and A" are contravariant 4-vectors, O*A” is a rank-2 contravariant tensor.

We can therefore define the electromagnetic tensor as:

FHV = gAY — ¥ AP, (5.40)

which can be written in matrix form as:

FOO  pot g2 po3 0 E./c E,/c E./c

w | FYO OF F? RS -E /e 0 B, -B,

P = 20 21 22 23 | ) (5.41)
FO p2 o p2 g ~EyJc =B, 0 B,
F30 p3t 32 pis —-E./Jc By, —-By 0

This tensor is antisymmetric, which means that although it has 4 x 4 = 16 components,
only 6 of them are independent, corresponding to the components of the electric and
magnetic fields. The tensor F*” encapsulates the electromagnetic field. Because it is a
tensor, it provides a compact and elegant way to express Maxwell’s equations in a covariant
form, as will be shown below, and it allows the electromagnetic field to be transformed

consistently between different inertial frames.
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Under the gauge transformation given by equation (5.33), we obtain:

FHrv = FR 4 9l9UT — 9V 0MT = FIY.

Therefore, the electromagnetic tensor is gauge invariant, as expected since it contains only
the fields E and B.

Lowering both indices gives the covariant components of the electromagnetic tensor:

Fp,l/ = guﬁgu)\Fﬁ)\ = 8,LLAV - aVAM- (542)

For the Minkowski metric, which has only diagonal components, this can be written as

Fuw = 9upgu F* (no summation over g and v), so that:

0 —E;/c —Ey/c —E./c
E 0 B -B
E,, = o/ i v (5.43)
E,/Jc —B. 0 B,
E.Jc B, -B, 0

The contravariant tensor can be reconstructed from the covariant one by multiplying

both sides of equation ( 5.42) by g**¢® and summing over p and v, resulting in:
99" Fy = F. (5.44)

5.4.2 Maxwell’s equations in terms of the electromagnetic tensor

We can now express Maxwell’s equation (5.31) using the electromagnetic tensor:
0A4* = 0,0"A* = 0, (0" A” — FMY) = 0#0, A — 0, F" = -0, FH",

where we have applied the gauge condition (5.32). This yields:

B, FM = pgJ". (5.45)

Although the Lorenz gauge was used to derive it, this equation involves only F*¥, which
does not depend on the choice of gauge. It therefore holds in any gauge, as confirmed by

the direct verification below.

Equation (5.31) explicitly represents only the inhomogeneous Maxwell’s equations (5.20)
and (5.23). However, the use of the 4-potential naturally ensures that the homogeneous
equations (5.21) and (5.22) are also satisfied. This is because these equations are au-
tomatically fulfilled when the electric and magnetic fields are expressed in terms of the

potentials.
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When we replace equation (5.31) with equation (5.45), we still retain the inhomoge-
neous equations, but the homogeneous ones are no longer guaranteed if F*¥ is regarded
as the fundamental field. Let us first verify that equation (5.45) does indeed capture the
inhomogeneous equations. For p = 0, this equation gives 9, F% = V - E/c = pgpc, which

corresponds to Gauss’s law V - E = p/ep. For =14, with ¢ =1...3, we obtain:

19F™ N OF™ N OF™ N oF"®
c Ot Ox oy 5,  HoJ

By substituting the components of the electromagnetic field tensor, it can be readily shown
that these three equations yield VXB = pugj + poeo (0E/0t). Thus, equation (5.45) is
equivalent to the two inhomogeneous Maxwell’s equations (5.20) and (5.23). To obtain the
complete set of Maxwell’s equations, we need to include the two homogeneous equations.

These are compactly expressed by the Bianchi identity for the electromagnetic tensor:

ONFyu + 0 Fyx + 0y Fx, = 0. (5.46)

This relation follows directly from the definition (5.42): substituting F},, = 0,4, — 0, A,
the six terms cancel in pairs because partial derivatives commute. It holds for all index
triples (A, u, ). The choice (A, u,v) = (1,2,3) yields V - B = 0, while (A, u,v) = (0,4, )
with 7 and j any distinct spatial indices in (1,2, 3) gives the three components of Faraday’s
law V x E = —0B/0t.

5.5 Lorentz transformation of the electromagnetic field

Consider an inertial frame (S), where the electric and magnetic fields are denoted by E
and B, respectively, and another inertial frame (S’) moving with a velocity v relative to
(S). We align the z-axis with the direction of v. As a rank-2 tensor, F* transforms under

a Lorentz transformation according to the rule:

i (Xla) — AMHAV)\FHA (Xa) ’

where, as for the 4-potential, X and X'® are the position 4-vectors of the same event in

(S) and (S'). This can also be written in matrix notation as:

F' = AFAT.
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This implies that the electric and magnetic fields in (S’), denoted by E’ and B’, are related

to those in (S) through the following transformations:

B po_pl_ gl B (5.47)
c c c c
£ E
U= 2o yY _gyp. = L (E,—vB.), (5.48)
c c c
o) E
2 = F,O?’ = 772 + Bf)/By = l (EZ + UBy) , (549)
c c c
B! = FB=p8, (5.50)
E
B, = F™=8y= 4B, =7 (B, + F.), (5.51)
' 12 By v
B, = F"=—8y=+yB. =1 (Bz - gEy) . (5.52)
These transformations can also be compactly expressed as:
E/H = EH’ E,J_ :’Y(EJ_ —I—VXB), (5.53)
, , vXE
B” :BH’ BL:’)/(BL_ 62 > 5 (554)

where the subscripts || and L denote the components parallel and perpendicular to the

velocity v, respectively.

In particular, a purely electric field in one frame (B = 0) gives rise to a magnetic field
B’ = —yv x E/c? in a frame moving relative to it, and conversely. Whether a field is

electric or magnetic therefore depends on the frame of reference.

These field transformations follow directly from the tensorial nature of the electro-
magnetic field. They can also be obtained by considering the transformation of charge
densities and currents between reference frames. Although this alternative approach is
more laborious, it provides a useful physical interpretation of the mixing of electric and

magnetic fields. This derivation is presented in Appendix B.

Invariants of the electromagnetic field

Although E and B depend on the reference frame, certain combinations of them take the
same value in all inertial frames. Since F*¥ is a tensor, its full contraction with itself,

FMEF,,, is invariant. Using equations (5.41) and (5.43), we obtain:

) E?
F#VFMV = 2 <B - 02> 5 (555)
so that:
E2
B? — — Is invariant. (5.56)
c
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Also, as can be verified directly using the Lorentz transformations of the electric and

magnetic fields derived above:

E-B is invariant. (5.57)

For example, for a Lorentz boost along the x—direction, equations (5.47)—(5.52) give:

vE vE
E'-B' = E,B, +7*(E, — vB.) (By + C;) +7*(E. + vBy) (Bz - C;’)
= E,B, + E,B,+ E.B. =E-B.

These invariants have useful consequences. If E and B are perpendicular in one frame,
they are perpendicular in all frames. If |E| = ¢/B| in one frame, as for a plane electro-
magnetic wave, this holds in all frames. If E - B # 0, there is no frame in which the field

is purely electric or purely magnetic.

5.6 The Lorentz force

It is an experimental fact that the force acting on a particle with (invariant) charge ¢
and velocity u in a reference frame where the electric and magnetic fields are E and B,

respectively, is given by the Lorentz force law:
f=¢q(E+uxB) (5.58)

This expression leads to the following equation for the rate of change of the particle’s
momentum:

dp

T (E+uxB) (5.59)

Since the mass of the particle is constant, the rate of change of the particle’s relativistic
energy is given by:
dE

E:f-u:qE-u (5.60)

As discussed in section 4.3, these equations can be encapsulated in the relativistic form of

the equation of motion:
P dFE
Fr="" with FF= (W,ryuf> . (5.61)
T c

We can also express F'* using the electromagnetic tensor:

Pl = qF"™U,, (5.62)

where U, = (—yu¢, Y, u) is the covariant 4-velocity. It is straightforward to verify that this
expression correctly yields the 4-force F'* in terms of E and B. For example, for u = 0,
F"U, = F%U; = v,E - u/c, so that F* = ¢y, E - u/c = (y,/c) dE/dt, in agreement with
equation (5.61). The spatial components follow similarly, using F*°Uy = v, E;.
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Equation (5.62) yields a covariant form of the relativistic equation of motion for a particle

with charge ¢ in an electromagnetic field:

dpPH
= qF*'U,. (5.63)

The 4-force is orthogonal to the 4-velocity: FHU, = qF*U,U, = 0, since this is
the full contraction of the antisymmetric tensor F*” with the symmetric tensor U,U,
(section 5.1.4). As shown by equation (4.32), this implies that the rest mass of a particle
subject to the electromagnetic force remains constant, consistent with the assumption

made in deriving equation (5.60).

Both expressions (5.61) and (5.62) for F* are equivalent and, within an inertial frame,
equally simple to evaluate since they give the force in terms of the fields and the parti-
cle’s motion in that frame. The tensor form has the additional advantage that it makes
the geometric structure of the force law explicit, since it is written entirely as a tensor

contraction F* = qF*U,, a relation that is valid in any inertial frame.

5.7 Lagrangian formulation of electromagnetism

As discussed in Chapter 1, the Lagrangian formalism simplifies the derivation of conserved
quantities such as energy and momentum. Here, we derive the Lagrangian for a relativis-
tic particle in an electromagnetic field, as well as for the electromagnetic field itself, in

covariant form.

5.7.1 Covariant relativistic Lagrangian for a particle

Although the free-particle part of the relativistic Lagrangian in equation (4.7) leads to a
Lorentz-invariant action, this invariance is not immediately apparent, since the Lagrangian
itself is not invariant: only Ldt = —mc?dr is. To make it explicit, we reformulate the
action in terms of the particle’s displacement 4-vector. Consider a particle with position

4-vector X*. The spacetime interval along the worldline of the particle is:
ds* = dX"dX, = ¢"dX,dX, = —c*dr?.

This yields:
Vv —gtdX,dX, = cdr. (5.64)

Using this relation, the action for a free particle can be written as:

B B
S = / —mcidr = / —mey/—ghd X, dX,,. (5.65)
A A
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The worldline of the particle can be parametrised by the proper time 7, or by any other
parameter 6 that monotonically increases with 7. Using a general parameter 8 rather than
T is essential for the variational principle. If the worldline is parametrised by 7, the four
components dX*/dr are not independent, since they satisfy g,, (dX*/dr)(dX"/dr) =
—c?, and the Lagrangian would reduce to the constant —mc?. With a general parameter
0, the four components dX*/df can be varied independently. Once the Euler-Lagrange

equations have been derived, we are free to choose 6 = 7.

Expressing the differentials in terms of 8, we have:

dx,,

10 dé.

dX, =

Substituting this into the action, we obtain:

05 / dX, dX
S = — —g — L= Ry 5.66
GA mc g d9/ de/ ) ( )

where 64 and 6p are the values of 6 at points A and B on the worldline.

Therefore, the Lagrangian for a free particle can be expressed as:

dX, dX
Liree = — —ghv ——~ k. 5.67
free mc g de dg ( )
It depends on the components of the 4-vector X, and on their derivatives with respect to
f. This form makes the Lorentz invariance of the action explicit, as it is expressed directly

in terms of the spacetime metric and the particle’s trajectory.

Next, we introduce the interaction with the electromagnetic field, which is expressed
similarly in both classical and relativistic mechanics. The generalised potential accounting
for the electromagnetic force in the classical limit is given by equation (1.35), and it remains

valid here. This implies that the term to be added to the action is:

/ttB —q(¢—1-A)dt. (5.68)

A

As mentioned earlier, a gauge transformation leaves the electromagnetic field unchanged.
Thus, the action S’ resulting from such a transformation can differ from the original action
S only by a boundary term. This ensures that the trajectory which makes S stationary
also makes S’ stationary. For this condition to hold, the Lagrangian after transformation,

L', must either equal the original Lagrangian L or differ from it by a total time derivative.

We now verify that this condition is satisfied when the term —q (¢ — - A) is added to L.

119



Under the gauge transformation (¢, A) — (¢~), A), as defined in equations (5.18) and (5.19),

the change in Lagrangian is:
or dr
L/ - L — - r - VF =q—:),
1 ( ot " > Tat
where the total time derivative is computed along the particle’s trajectory. This confirms

that gauge symmetry is satisfied.

Using the potential and displacement 4-vectors, equation (5.68) can be rewritten as:

tp dx B
/ qAF—Eqdt = / qA*dX,.
ta dt A

Since A*dX,, is a scalar product of two 4-vectors, this term is manifestly Lorentz invariant.
To make this consistent with the previous expression (5.66) for the action, we parametrise

the worldline by the same parameter 6, yielding the total action:

b5 dX, dX dx
= — —g — I AFZE ) qg .
S ) ( me\| =" —or g +4q 0 (5.69)
The Lagrangian therefore becomes:
dX, dX dX
L = — — gtV v el /'Liu . .
me\| =9 — 3 0 (5.70)

Since A* is a function of X, here again L depends on the components of the 4-vector X,

and on their derivatives with respect to 6.

5.7.2 Euler-Lagrange equations

As discussed in chapter 3, the notation X, has been used to represent both the 4-vector
and its components. To make the analysis clearer, we now distinguish the position 4-vector
X, from its individual components z, and, similarly, the potential 4-vector A* from its
components a®, where o =0...3.

The Lagrangian L depends on the variables x, and their derivatives dz,/df, similar to
the Lagrangian we discussed in chapter 1 for classical mechanics, which depended on the
generalised coordinates ¢; and their time derivatives. As before, applying the principle of

least action yields the Euler-Lagrange equations in the same form as equations (1.20):

d OL oL

a@ d$a 478$a
0 <de)

=0, for a=0...3. (5.71)

Next, we verify that these equations lead to the equation of motion (5.63).
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Writing the Lagrangian in terms of the variables z, and dx,/df was essential to obtain
the Euler-Lagrange equations (5.71). To proceed with the unpacking of these equations,

we need to revert to the proper time.

We have:
gw/dxl, +gwdx# dax®
oL 0 T a0
9 dza 2 Wd:t:l, dz, dr
do 97790 A0 dg

where we used equation (5.64) and the identities g¢*"z, = gH“x,, = 2, applied here to the

derivatives dx, /df. Now, writing:

dr® _ da® dr
do  dr d¢’

we obtain the first term on the left-hand side of the Euler-Lagrange equations (5.71):

d|_oL | _d/ de® o\ _ [, Lt da)dr (5.73)
a6 <d:ra> o \"ar T )T\ T ) ag ‘
N\

The second term on the left-hand side of the Fuler-Lagrange equations is:

oL  Oda*dz,  Oatdw,dr
9t Lo, 6

N q@xa dr do°
Thus, the Euler-Lagrange equations become:

(5.74)

mdeo‘ N da® B da* dzx,,
FECR q&na dr

Since a® depends on the coordinates x,, we can write:

= 0. (5.75)

da®  0a® dw,
dr Oz, dr’

which allows us to rewrite the equation as:

(5.76)

A2z ( da"  Oa® > dz,
=4q

e T OTo Oz, ) dr -
Returning to 4-vector notation, and noting that 0/0z, = 9%, the term in parentheses is
0%t — 0Ma® = F" (see eq. [5.40]), and dX,,/drT = U,. On the left-hand side, we have:

XCM « Pa
mi d = mdU _d (5.77)
dr dr

dr dr -

This confirms that equation (5.76), derived from the Euler-Lagrange equations, is identical

to the covariant equation of motion (5.63).
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5.7.3 Lagrangian for the electromagnetic field

Electromagnetic field in vacuum

In chapter 1, we discussed that the Lagrangian density for the electromagnetic field in a
specific inertial frame, in the absence of charges and currents, is given by:

L= %OE2 -~ B (5.78)

2410
In Problem Set 1, it was shown that the Euler-Lagrange equations for this Lagrangian,
when expressed in terms of the potentials ¢ and A, do indeed yield Maxwell’s equations.
As for a particle (section 4.2.1), the action must be Lorentz invariant. For a field, the
action is S = [ LA3zdt = ¢! i L d*x, where d*z = cdtd3x is invariant under Lorentz
transformations (eq. [3.62]). Therefore, unlike the Lagrangian of a particle, which is not
invariant (only L dt is), the Lagrangian density £ must itself be Lorentz invariant. This is
not apparent from equation (5.78), which is expressed in terms of the fields in a particular

frame. Using equation (5.55), we can rewrite it as:

1
£ == —%FuVF#V, (579)

which is manifestly invariant.

Interaction with charges and currents

In the presence of charges and currents, an interaction term must be added to the La-
grangian density (5.79). As discussed in Chapter 1, the interaction Lagrangian density for
a continuous distribution of charge, with charge density p and current density j, is given

by equation (1.50), which we reproduce here for ease of reference:
Lint=—pod+]j-A. (5.80)

Using the 4-current J* = (pc, j) and the 4-potential A* = (¢/c, A), we have Liy, = JFA,.

The Lagrangian density for the electromagnetic field interacting with charges and

currents is thus:

1
E - _TWFHVFMV + J'uAM. (581)

Both FFF,,, and J*A, are invariant, so this expression is manifestly covariant.

The Euler-Lagrange equations obtained by varying the 4-potential:

oL )_(% o

Ou <8(8MA,,) 04,

yield Maxwell’s equations with sources, as shown in Problem Set 1.
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Under the gauge transformation fl# = A, + 9,I', the interaction term changes by
JFOI = 0, (JHT) —T' 0, J*. The first term is a total divergence, which contributes only a
boundary term to the action and therefore does not affect the field equations. The second
term vanishes because the 4-current is conserved (eq. [5.15]). The action is therefore gauge

invariant, up to a boundary term.

In the following section, we first consider the electromagnetic field in vacuum, for which
J# = 0, before returning to the exchange of energy and momentum between the field and

charged matter.

5.8 Energy and momentum conservation for fields in vacuum

We now derive an equation for the conservation of energy and momentum in the elec-
tromagnetic field, formulated in covariant form. To identify the terms corresponding to

energy density and energy flux, we make use of Noether’s theorem.

5.8.1 Noether’s theorem for the electromagnetic field

In the absence of charges and currents, the Lagrangian density does not depend explicitly
on the spacetime coordinates, so the action is invariant under time and spatial transla-
tions. In Problem Set 1, we derived Noether’s theorem for systems invariant under time
translation. For a Lagrangian density £ that depends on a field ¢ and its derivatives, this

theorem is expressed as:

oL oL
_ | —— =0, .82
o (520~ ) +2 (557%) =0 52
where summation over ¢ = 1...3 is implied. Using 4-vector notation, this can be rewritten
as:
oL
Oy | ==——=0pd — (5”“[1) =0, 5.83
(e o5

where summation over = 0...3 is implied. This relation was derived by considering a
time translation and noting that it leaves the system invariant. By considering a spatial
translation in the i-direction, we obtain the same result with dy replaced by 9;. Thus, the

following relations hold for v =0...3:

oL

This result extends to cases where the Lagrangian depends on N fields ¢. In such cases,
¢ in the expression above is replaced by ¢, with the first term in parentheses summed

over k.
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For the electromagnetic field, the Lagrangian is given by equation (5.79). Using equa-
tion (5.40), it can be seen that this Lagrangian depends on the fields A”, which are the
components of the 4-potential. Thus, ¢, is replaced by A”, yielding:

oL
= P _ SH i
8#( ( ’ p)a,,A 5l,£> =0. (5.85)

This yields four conservation laws.

5.8.2 Canonical energy-momentum tensor

We now define the canonical stress-energy tensor, also referred to as the canonical energy-
momentum tensor, as:
oL

wo_ p o
T = 50,4 A + 5L (5.86)

where the choice of sign for T4 will be justified later. The fact that this is a mixed
tensor will be demonstrated below. Multiplying by ¢** and summing over \ gives the

contravariant tensor:

oL
v VAP 1an
T 5 p)a AP 4 gVl L. (5.87)

This tensor satisfies the conservation law:

8, T" = 0. (5.88)

The term canonical reflects the construction of the tensor from the Lagrangian, while the
names ‘stress-energy’ or ‘energy-momentum tensor’ will be clarified below. The fact that
TH is a tensor follows from the invariance of £ and the covariant transformation properties

of all components in its definition, such as 9 A” and ¢”*, under Lorentz transformations.

Using Foap = gangsrF™ and F? from equation (5.40), the Lagrangian density (5.79)

can be rewritten as:

L = —4;0 Jargbr (6*%A - aAAH) (amﬁ - aﬁAa), (5.89)
Fup s
_ _41% (WM%AA - ga,@aﬁAFv) (g‘”@VAB - gﬁfaeAa) . (5.90)
Fup pncte
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This yields:

oL 1
80, 47) = _470 (Qﬁppuﬂ — gapF" + g*"F,, — gﬁquﬁ) (5.91)
W
1
= "oy et 9™ Fap), (5.92)

where we used the antisymmetry of F** and F},, to obtain the second equality. Writing:

gapF'ua = gapguégaCFéc = gMEng,
equation (5.92) becomes:

oc 1
- _ UWE . .
a (6#Ap) ,U/()g P (5 93)

This expression represents a mixed tensor, which supports the classification of T )’f in

equation (5.86) as a mixed tensor. Substituting this result into equation (5.87) yields:

1
T = —g""F,,0" AP + g"F' L. (5.94)
Ho

For v = 0, equation (5.88) gives 9;T% + ¢d;T" = 0, which represents energy conser-
vation. Here, 79 corresponds to the energy density and ¢I™ to the energy flux. Note
that the choice of the minus sign in equation (5.86) ensures that T directly represents

the energy density of the system, rather than its negative. From equation (5.94), we find:

1
T = —— [, 8°4° — L
Ho

Using Fp, from equation (5.43) and £ from equation (5.78), we obtain:

1 1 1
E-0A-LE2+ — B2=CE2 ~ B2} V- (4E), (5.95)

700 _ _
ftoc? 2 20 2 20

where we used E = - V¢ — 0;A and V - E = 0.

There is an additional divergence term compared to the standard definition of energy
density. However, when T% is integrated over the entire volume of the system (defined
to fully contain the fields such that they vanish at the boundaries) this divergence term
does not contribute to the integral. Thus, the total energy of the system is given by the
integral of 7%, Similarly, the energy flux ¢ and the momentum density 7% /c obtained
from the canonical tensor differ from the Poynting vector and from S/c?, respectively. As

shown in the next section, these differences do not affect the total energy and momentum
of the field.
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5.8.3 Symmetric energy-momentum tensor

The extra terms in the canonical tensor indicate that quantities like energy density and flux
are not uniquely determined, although the total energy and momentum of the fields are
unambiguously defined. If we add to the energy-momentum tensor a tensor Q" satisfying
0,Q" = 0, the conservation laws are preserved.

This flexibility allows us to construct a symmetric, traceless and gauge-invariant energy-
momentum tensor TH¥ = TH +Q". Gauge invariance is not satisfied by T*”, as it involves
the potential, and the tensor is neither symmetric nor traceless. Symmetry is required for
the angular momentum of the field to be conserved. The vanishing of the trace is related
to the invariance of the free electromagnetic field under scale transformations, X# — AXH*,
and more generally under conformal transformations. This invariance arises because the

field contains no intrinsic mass or length scale (the photon is massless).

Using 0¥ AP = —FPY + 9P A” from equation (5.40) and £ from equation (5.79), we can

rewrite equation (5.94) as:

1 1 1
T = (ga“Fapry - 49”“Fa6Fa5> g Fap0 A (5.96)
0 0

The negative of the last term in the above equation can be expressed as:

1 1 1
QM = —— g Fo,0P AV = —— FMP95A" = ——
Ho

. 05 (FWA”) : (5.97)

where we used equation (5.45) which implies that, in vacuum, QgF”ﬁ = 0. Taking the

divergence of Q" gives:

RS

0,QM = —Mloauaﬂ (FWAV) =

050y (FA") (5.98)

where the second equality follows from swapping the indices p and 3. Since FP# = — F#b
and partial derivatives commute, we conclude that 9,Q"" = 0. Moreover, since FO — o,
the components Q% = — o 18]- (F 07 Av ) are spatial divergences. Integrated over a volume
enclosing the whole field, they vanish. Adding Q* therefore does not change the conserved
quantities [7% d3z associated with equation (5.88): the total energy of the field for v = 0

(section 5.8.2) and, as shown in section 5.8.4, ¢ times its total momentum for v = i.

Consequently, we can define the energy-momentum tensor as THY = TH + QH¥,
with TH” and Q" defined above. This results in:

1 1
THY — _% <gauFapru + 4gV“FaﬁFaﬁ> ) (5.99)

126



This tensor satisfies the conservation law:

8, T" =0, (5.100)

and is gauge invariant, since it depends only on F*¥. It is symmetric since both F*” and

F,,, are antisymmetric. Finally, it is traceless since:
1
Tr(Tle) = guVTw/ = - <guugauFapry + g,uugy'uFaﬁFaB) ’
Ho

With g, g™ Fu,FP” = F,,F* = —F*FF, 3 and g,,,g"* = 4, which yields Tr(T*) = 0.

5.8.4 Physical interpretation of the energy-momentum tensor

The components of TH are given as:

E? B?
g=T0=02 4 = 5.101
T = e (5.101)
Si =70 _ 1 (ExB), (5.102)
c LoC v
. 1 eoE? B?
i =TY = —enB:E: — —B:.B: + .. | —/—— 5.103
Oij T €o L LY 10 i ]+ ’Lj< 9 +2N0 5 ( )
and we now discuss their physical significance.
Conservation of energy
Writing equation (5.100) for v = 0 gives Poynting’s theorem:
o€
—+V-S=0 5.104

where £ is the energy density and S is the Poynting vector, i.e. the flux of energy.
Integrating this equation over a finite volume V yields:

o0&

—dv = / S - ndo, (5.105)
y Ot )
where ¥ is the surface enclosing the volume V and 1 is the unit normal vector to the surface
element do, directed outwards. This shows that energy can only decrease (increase) in the

volume by flowing out (in) through its surfaces.

Integrating over the entire volume of the system, in which the field is confined, yields

the Hamiltonian of the system:

H= /Edv = const. (5.106)
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Conservation of momentum

For v = i, equation (5.100) becomes:

0 (Si

This equation expresses conservation of momentum, where g = S/c? represents the mo-

mentum density of the field and o;; is the Maxwell stress (force per unit area).

This extends to the electromagnetic field the general relation between energy flux and
momentum density derived for massive particles in section 4.2.2 (eq. [4.16]). Consider,
as an illustration, a locally unidirectional radiation field. Let £(r) be the energy density
of the field and n(r) its local direction of propagation. Since the energy propagates at
velocity en(r), the energy flux is S(r) = £(r)cn(r). Each photon carries momentum equal
to its energy divided by ¢, directed along n, so that the corresponding momentum density

is g(r) = (€(r)/c) n(r). Comparing the two expressions gives:

S =g (5.108)

Although illustrated here for the simple case of locally unidirectional radiation, this re-
lation holds more generally for the electromagnetic field, as already follows from equa-

tion (5.107), whose derivation does not rely on the photon picture.

Integrating equation (5.107) over a finite volume V gives:

dgi
a—gtdv: / oijn;do, (5.109)
v b

where X is the surface enclosing the volume V and n; is the j-component of the unit
normal vector to the surface element do, directed outwards. The term on the left-hand
side represents the rate of change of electromagnetic momentum within the volume. The
right-hand side represents the net flux of electromagnetic momentum through the surface
enclosing the volume. Thus, —o;; is the i-component of the electromagnetic mo-
mentum flux in the j-direction. Equivalently, o;; is the i-component of the
force per unit area (stress) exerted across a surface element whose normal vec-
tor points in the j-direction, by the field on the side towards which the normal
points, on the field on the other side. In vacuum, this stress describes the transport
of momentum by the field and is not associated with a mechanical force on matter. The

stress tensor is symmetric, with o;; = 0.

Integrating over the entire volume of the system gives the total momentum of the

electromagnetic field:

S
Pgog = / 2 dv = const. (5.110)
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These properties make it clear why T#¥ is referred to as either the stress-energy or

energy-momentum tensor. Its common form is:

T = (5.111)
g | — 0y

5.9 Exchange of energy and momentum with charges

So far, we have considered the energy and momentum of the electromagnetic field in
vacuum. In the presence of charges and currents, the field can exchange energy and
momentum with matter, and the energy-momentum tensor of the electromagnetic field is

therefore no longer conserved separately.

5.9.1 Energy-momentum exchange equation

The tensor T#” defined by equation (5.99) depends only on the electromagnetic field, and
we take it as the energy-momentum tensor of the field also in the presence of charges and
currents. However, we cannot repeat the derivation of section 5.8 to obtain its divergence.
If J¥(r,t) is treated as a prescribed external 4-current, the Lagrangian density (5.81) de-
pends explicitly on the spacetime coordinates. The system is then no longer invariant
under translations in space and time, and Noether’s theorem no longer yields a conser-
vation law. Instead, we calculate the divergence of T directly, using only Maxwell’s
equations. The result therefore holds whether the charges and currents are prescribed or

move under the action of the field.
Taking the divergence of equation (5.99) gives:

1
oD T = = 0y (9™ Fap) F? = g™ FapuF* =0, (9P Fg).  (5.112)

~~

Iy I I3

First, consider I3, which can be written as:

1 1 1
Iy =—29"0, (FO‘BFaﬁ> = —Zay(FaﬁFaB) = —gFaﬁayFaﬂ-

Next, we calculate I as:
I = -0, (F#) PP = =0, (gapt™®) P = —gap0y (F'*) F* = gap0y (F") FP,

where we have used the antisymmetry of F#® in the last equality. From Maxwell’s equa-

tions (5.45), and using again the antisymmetry of F*” it follows that:

I = gapMOJanV = /L()JprV = —,U()JPFVp.
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Finally, we consider Is, which can be written as:
I = —FY8,FP = —FF®g,,0,F" = —FF9,FY = —g"°F"*9,F.,,
To simplify this expression, we use the Bianchi identity (5.46) in the form:
OuFop + 0aFpy + 0,F 0 = 0.
Multiplying by F** gives:
FrO, Fop + FFY00Fyy, + FFY0Flua = 0.

The first two terms on the left-hand side are equal. Indeed, interchanging the dummy
indices p and « in the second term gives F**9,F,, = F**0,F,,, where we have used the

antisymmetry of F#** and F),,. The Bianchi identity therefore gives:
2FF0, Fop + FF'0,F 0 = 0,

or:
1
Fro,F,, = —iF“aapFW.
Substituting this result into the expression for I, we obtain:

1 1
Iy = 39" F** 9, Fua = 5 F"*0" Fya.

Thus Is = —I3, and equation (5.112) reduces to:

0, T = —F"*J,. (5.113)

In vacuum, J, = 0 and we recover the conservation law (5.100). The right-hand side
involves only the sources through Maxwell’s equations, while the Bianchi identity, i.e. the

homogeneous Maxwell’s equations, ensures that all the other terms cancel.

5.9.2 Energy and momentum conservation

We define:
FY=F"J],, (5.114)

the term on the right-hand side of equation (5.113). Since it is obtained by contracting a

rank-2 tensor with a 4-vector, F" is itself a 4-vector. Writing F¥ = ( fO.f ), we calculate:

cf’ = j-E, (5.115)
f = pE+jxB. (5.116)

The time component cf? is the power transferred by the electromagnetic field to the

charges per unit volume, whereas the spatial part f is the Lorentz force per unit volume.
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This has the same form as the Lorentz 4-force derived in section 5.6, F¥ = ¢qF"’U,
(eq. [5.62]). To see this, consider charges of charge ¢ with proper number density ng,
moving with 4-velocity U#, so that J¥ = noqU¥#. Then F” = ngqF"?U, = noF"”. Using
F¥ = dP"/dr, this yields F¥ = ngdP”/dr. Since the number density in the frame
considered is n = y,ng and dt = 7, d7, this is ¥ = ndP”/dt: the rate of change of the

4-momentum of the charges per unit volume. Therefore, F* is called the 4-force density.

The divergence of the electromagnetic energy-momentum tensor can then be written as:

0, TH = —F". (5.117)

With this additional term on the right-hand side, we can write equations for v =
0 and v = ¢ by adding the appropriate component of —F” on the right-hand side of
equations (5.104) and (5.107). This yields:

o€
—_— . = —. 'E -11
5 +V-S=-jE, (5.118)
and:
0 (S;
o <62> — 0joi; = —[i. (5.119)

Equation (5.118) is Poynting’s theorem in the presence of charges and currents. In the
absence of charges, the energy density of the electromagnetic field can only decrease locally
(0€/0t < 0) if there is a net outward flow of energy (V - S > 0), or vice-versa. When
charges are present though, energy can also be transferred to the charges, where j-E > 0
indicates power transferred from the field to the charges. The magnetic field does not

appear in this equation because the magnetic force does no work.

Integrating equation (5.118) over the entire system, with the boundary chosen so that

there is no energy flux through it, gives:

dUfela
dt

—|—/j-Edv:0, (5.120)

where Ugelq = f & dv is the energy in the electromagnetic field. The second term is the
rate at which the field does work on the charges, i.e. the rate of change of their total

energy Ucharges- The equation above can therefore be rewritten as:

Ufield + Ucharges = const. (5.121)
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With g = S/c?, we similarly integrate equation (5.119) over the entire system, which

yields:

og
=2 f —
/ tdv—i—/ dv =0,

(5.122)

The first term on the left-hand side can be written as dPgeq/dt, where Pgeq defined by

equation (5.110) is the total momentum of the electromagnetic field. The second term is

the total force exerted by the field on the charges, and therefore represents the rate of

change of the total momentum Pgparges of the charges. The equation above can therefore

be written as:

Pgeld + Pcharges = const.

(5.123)

Equations (5.121) and (5.123) show that both energy and momentum can be trans-

ferred between the electromagnetic field and the charges.
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Chapter 6
Radiation from moving charges

Electromagnetic waves are generally associated with a nonzero Poynting vector, which
describes the transport of energy by the wave. The power passing through the surface of
a sphere at infinity is equal to the flux of the Poynting vector through that surface. If this
flux is zero, no energy is carried away to infinity. We define radiation as the energy flux

that propagates to infinity.

When the electric and magnetic fields decay as the inverse square of the distance, the
Poynting vector falls off as the inverse fourth power of the distance. In such cases, the

power passing through a sphere at infinity is zero, and no radiation is produced.

Systems that radiate energy include accelerating charges, which we will examine in this
chapter. Accelerating charges, such as those in oscillating antennas, produce electro-
magnetic waves that carry information over long distances, which is the basis for radio,
television, and satellite communications. Electromagnetic radiation also enables us to
see the stars, communicate via satellites, and receive information from the early universe

through the cosmic microwave background, among many other phenomena.

In this chapter, we determine the electromagnetic field produced by moving charges, and

calculate the energy they radiate.

6.1 Solution of the wave equation

Before solving the wave equation satisfied by the potential 4-vector for general charge and
current densities, we first examine the electromagnetic field produced by a charge moving
with uniform velocity. This specific case provides valuable insight into how relativity

influences the structure and orientation of the field lines.
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6.1.1 Field due to a uniformly moving charge

Consider a particle with charge ¢ moving with uniform velocity v in an inertial frame (S).
In its rest frame (S’), where the charge is stationary at the origin, the electromagnetic

field at a point P with position vector r’ is given by:

/
I qr /
B = 5 B=0 (6.1)

where primed quantities denote the values in (S'). Using equations (5.53) and (5.54), the
electromagnetic field in (S), which moves with velocity —v with respect to (S’), can be

expressed as:

vxE'
2

E = Eh, E, =1E/, B=xy , (6.2)
where the subscripts || and L indicate the components parallel and perpendicular to the
velocity v, respectively. Aligning the z-axis with v, the field in frame (S) is evaluated at

r = (z,y, z), which is related to the coordinates in frame (S’) by:

/

z=v(z—t), =z, Yy =y.

! In frame (S), the position of the particle at
time ¢ is represented as r.(t) = vt = vtz,
with the origin chosen such that z = 0 cor-
responds to the initial position. The relative
position of point P with respect to the par-
ticle at time ¢ is given by D(t) = r — r.(¢),
and 1) denotes the angle between D(¢) and

the z-axis.

We find:
2
2 =% (z— vt)2 + 22 +y? =~42D%cos? o + D?sin? ) = 42 D? <1 — U—z sin? 1/)) . (6.3)
c

Here, ' is the distance from P to the charge in (S'), while D is the corresponding distance
in (S). The difference between these two quantities arises from length contraction when

transforming from the rest frame (S') to (S).

Equations (6.2) can be expressed as E = E,x+ E,y+E.2 = yE,X+vE,y + E.2, resulting
in:
@YD

q
E = .
dmegr’3

 dwegr'3

o N ~ q N N o
(va'k +yy'y + 2'2) = pE——— (yeX 4+ yyy + 7 (2 —vt) 2) = (6.4)
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Substituting the expression for 7’ from equation (6.3) into equation (6.4) gives:

1 qD
E(r,{) = . 6.5
x:%) 72 [1 = (v2/c?) sin® ] 2 4reo D3 (6:2)

The electric field points away from the instantaneous position of the charge.
This is non-intuitive because the signal received at P was emitted when the particle was
at a different (retarded) position. We will see in section 6.1.2 and the following sections
that this is a special property of uniform motion, which no longer holds for an accelerated
charge. In the limit v/c < 1, this reduces to the familiar field of a stationary point charge.
As v/c approaches 1, the field is enhanced by a factor « in the directions perpendicular
to the velocity (¢» = 7/2) and reduced by a factor 1/42 along the velocity (¢ = 0 or 7),
so that the field lines become concentrated in the plane perpendicular to the motion, as

illustrated below.

Electric field lines for different values of v (A. K. Singal, 2020, J. Phys. Commun., 4):

=1 y=316 =10 y=31.6 ¥y=100
=0 v=0.95c v=0.995c v=0.8995c v=0.99985c

For the magnetic field, equations (6.2) yield:

vxE 1 toqvxD

B= 3/2
c? 72 [1 — (v?/c?) sin® ¢ 47 D3

(6.6)

In the limit v/c < 1, this simplifies to the Biot-Savart’s law, where the current is replaced

by qv.

6.1.2 Retarded potentials

The electric and magnetic fields given by equations (6.5) and (6.6) are solutions to

Maxwell’s equations for charge and current densities given by:

p (I‘, t) =q (I‘ - rc(t)) ) J (I‘, t) = qV(t)(S (I‘ - rc(t)) ) (67)

where the specific case of uniform velocity, v(t) = dr./dt = const, was examined.
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We now consider more general charge and current densities, and seek solutions to Maxwell’s

equations in the form of equation (5.31), which is restated here for convenience:

1 9%2AH

Oar = - 2420
2 Ot?

+ V2AH = —poJ*, (6.8)
where the 4-potential is A* = (¢/c, A), the 4-current is J* = (pc, j) and the Lorenz gauge
is assumed. All functions depend on r and t¢.

We introduce the Green function GG, defined by the equation:

OG (r,re, t, te) = =6(t —t.)d (r —re). (6.9)

This equation identifies G' as the potential generated by a point charge that exists only
instantaneously at r = r. at time t = t., effectively ‘flashed’ at that moment. This
implies G (r,r.,t,t.) = G (r —r.,t —t.). Since equation (6.8) is linear, its solutions can

be constructed by summing over all positions and times:
—+o00 —+o00
AP (r,t) = / dtc/ d3r, poJ* (re,te) G (r —re, t —te) . (6.10)
—00 —00

Solving for G thus determines A*. We next introduce the Fourier transform of GG, denoted
as G, which satisfies:
1 [t

G(R,0) = — G (R,w)e ¥ dw, (6.11)

— 00

where R = r —r. and § =t — t.. Substituting this expression into equation (6.9), and

noting that V. = Vg and 9; = 0y (since r. and t. are fixed) results in:

+o0 _ ) +o00o )
/ (K +V?) GR,w)e ™ dw =~ / 5 (R) e duw, (6.12)

—00 —00

where we used fj;o e %0 dw = 276(0) and defined k = w/c. Since this holds for all ¢, and
thus for all 6, it follows':

(*+ VG (R,w) = -4 (R). (6.13)

!This relies on the fact that, if fj';o f(r,w)e ™% dw = 0 for all 6, then f (r,w) = 0 for all w. To see

iwg 6

this, multiply the integral by €'“°”, where wy is arbitrary, and integrate over 6:

+oo +oo ) +oo
/ dw f (r, w)/ df e Hemw0)l — / dw 27 f (r,w) d (w — wo) = 27 f (r,wo) = 0.

—o0 oo
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Since G represents the potential created by a charge that exists momentarily at R = 0
at a specific instant, it depends only on R = |r — r.|, not on the direction of the vector.

Using spherical coordinates, equation (6.13) can thus be rewritten as:

- 1.d dG -1 d? ~

Away from R = 0, the solution is RG = CetFB where C is a constant.

The constant C' is determined by the behaviour of G near R = 0, where the delta function
acts. There, e**% ~ 1 and the term k2G is negligible compared with the derivative terms,
so that G must behave as the solution of V2G = —§ (R). This is Poisson’s equation
V2G = —p/ey with p = €0 (R), which describes the static potential created by a point

charge of magnitude ¢y located at R = 0, whose solution is G = 1/(47wR). Matching this
with Ce®*E /R near R = 0 gives C' = 1/(4x), for all values of k.

Therefore, the solution becomes:
otikR

- ATR

G(R,w) (6.15)

Recovering the Green function G involves the inverse Fourier transform:

1 [t . 1 oo 0
G(R,0) = o G(R.w)e™™ duw = —— / e WOFR/S) 4y = 5(;}?/6)' (6.16)

This shows that the Green function consists of two mathematical branches:

1
G(R,t - tc) = mé(t - tC F _I%/C)7

corresponding to a signal propagating from the source point r to the field point r in either
temporal direction. The solution with the “+” sign would imply that the field at time ¢
depends on the value of the source at a later time t. = t + R/c, i.e. the field would be
generated before the source acts. This violates causality. Therefore, the only physically

w »

meaningful choice is the sign, which states that the disturbance produced at the source
at time ¢, reaches the observation point at time ¢ = t. + R/c. We thus select the retarded

Green function.

Using this result, equation (6.10) becomes:

d(t—t.— R/c)
4R ’

+oo +o0
A (r 1) = / i, / Pre 110" (o, ) (6.17)
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which simplifies to:

+oo H _
An (r,t)’uo/ dor, L et = R/c) (6.18)

Cdrm | R ’

where R = |r —r.| and the integral runs over all source points r.. This expression shows
that the potential at point r and time ¢ is determined by the current density at each
source point r. at the earlier time ¢ — |r — r.| /¢, where |r — r.| /c is the time required
for the field to propagate from r. to r. For a point charge, as we will see in the next
section, r. becomes the position of the charge at the retarded time t., defined implicitly
by t. = t—|r — r.(t.)| /c. For this reason, the potential given in equation (6.18) is referred

to as the retarded potential.

It is important to note that the retarded potentials depend on the position and velocity
of the charge at the retarded time, through the charge and current densities, but not
explicitly on its acceleration. Consequently, the potentials at time ¢ for a charge
moving at uniform velocity and for an accelerated charge will be identical if
they have the same position and the same velocity at the relevant retarded

time.

However, this equivalence does not hold for the electromagnetic fields. When the
potentials are differentiated to obtain E and B, time derivatives of the velocity appear,
and the fields acquire explicit dependence on the acceleration of the charge, as will be

shown below.

6.1.3 Liénard-Wiechert potential

The potential derived above is general and applies to any charge and current distribu-
tions. We now focus on the Liénard—Wiechert potential, which is the potential of a single
accelerating point charge. This can be obtained by substituting J* into equation (6.18)
for this specific case. However, it is more straightforward to revisit the situation of a
charge moving with uniform velocity and use the previously established fact that the re-
tarded potential in frame (S) is independent of whether the charge is accelerated or moving

uniformly.

The case of a charge moving with uniform velocity v in frame (S) was discussed in sec-
tion 6.1.1, where the electric and magnetic fields were calculated directly. Here, we focus
on the potentials instead, as these are the quantities that remain the same for both uni-
formly moving and accelerated charges. In the rest frame (S’) of this charge, where it is
at the (fixed) location r’, the scalar and vector potentials are given by:

§()=— =L A (r) =o. (6.19)

" drmeo v — 1l

Note that these are not the potentials in the instantaneous rest frame if the charge is

accelerating, as we will discuss later.
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Since A* is a 4-vector, the transformation to frame (S) gives:

¢ ¢’ 4
—_— t p—y _—=e—_—_—_—_—— '2
c (x,2) T drege |’ —rl|’ (6:20)
v Yqv
A t) = yv——=——F5—F7"—"+ 21
I (%) cc Amwepc? |’ — 1l (6:21)
A (r,t) = 0, (6.22)

where A and A are the components of A parallel and perpendicular to v, respectively.

To express |[r’ — r.| in terms of the coordinates r and ¢ in frame (S), consider the following

two events in frame (S'):

e Event 1: the charge is at r., (a fixed location) and emits a field (or photon) at time

’
t.,

e Event 2: the observer is at r’ and receives the field (or photon) at time ¢’ = ¢/ +

It/ —1l|/c.

The displacement 4-vector between these two events in (S') is R* = [¢(¢ —t.), v — 1],

and since the interval is light-like we have (R*)? = 0.
In frame (S), the corresponding events are as follows:
e Event 1: the charge is at r. and emits a field (or photon) at time ¢,

e Event 2: the observer is at r (a fixed location) and receives the field (or photon) at
time t = t. + |r — rc(t.)| /¢, noting that the charge has moved from r. by the time

the observer receives the field.

The displacement 4-vector between these two events in (S) is R* = [c(t — tc),r — rc(tc)]

and, again, since the interval is light-like, we have (R”)2 = 0.

To calculate |r’ — r.|, we instead calculate ¢ (¢’ — t..), as these two expressions are equal.

Transforming from frame (S) to frame (S), we obtain:

c(t —t) =~ [c (t—t.) — % (r— rc(tc))} . (6.23)

With UH = (e, yv) representing the 4-velocity of the charge in frame (S), the right-hand
side of the expression above can be identified as —U*R,/c. Substituting this result into
equations (6.20), (6.21) and (6.22) gives:

[ _ L yeq
c (r,t) = 4regc UPR),’ (6.24)
1 ygqv
A = — . 2
(x,1) dmegc UFR,, (6:25)
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This can be expressed in covariant form as:

1 qU”¥

A (o) = ——— 17
(r,?) 4regc UFR),’

(6.26)

where r. in R, must be evaluated at the retarded time t, =t — |r —r.(t.)| /c.

We now rewrite the potentials in a more explicit form in terms of the coordinates. Defining

R =r —r.(t), as introduced in section 6.1.2, equation (6.23) becomes:

c(@-t)=7(1-2-R)R, (6.27)

Cc

where we have used ¢ (t —t.) = R and R is a unit vector in the direction of r — re(t.).
The left-hand side, ¢ (¢’ —t), is equal to |r’ — r’,|. Substituting this into equations (6.20),
(6.21) and (6.22), we obtain:

q 1 _q B
4dmeq (1—,8'1?{) R’ Alnt) = 4dmege (1—,3~1:A{)R7

¢ (r,t) = (6.28)

where B =v/cand R = |r — r(t.)], with t. =t — |r — r.(t.)] /c.

The Liénard-Wiechert potentials (6.26) and (6.28) were derived for a charge with
uniform velocity v. However, as noted earlier, they remain valid for an accelerated charge
that has the velocity v at time t., even though the potentials given by equation (6.19),
which we used as the starting point for the calculation and represent the potentials in the
rest frame of a charge moving with uniform velocity, are not equal to the potentials of the

accelerated charge in its instantaneous rest frame, as will be seen in the next section.

6.1.4 Field due to an accelerated charge

The electric and magnetic fields can be determined from the potentials in equations (6.28)

using the relations:

0A
B=-Ve- o0

B =VXxA, (6.29)
where the derivatives are with respect to the coordinates r and ¢ in frame (S). Since ¢,
depends on both r and ¢, the calculation is quite laborious. However, having already
derived the fields for a uniformly moving charge in section 6.1.1, we now calculate only
the terms involving the acceleration. The total fields are obtained by adding the two
contributions. The component of the electric field that depends on acceleration is denoted
E..q, known as the radiation field, as it contributes to the radiated power, as will be

shown in the next section.
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Using the potentials derived earlier, we have:

q R0, ouf 5 (R-08)

Erad,'i - - - -

dmegR <1fﬁ-f{)2 (lfﬁ-f{>c (lfﬁ-f{>20

~q[cR- 0B+ 0,5~ 08 (B-R) + 5 (R-0,8)
= — (6.30)
47eg (1 -B- R) cR

The position of the charge at time t. is r., with velocity and acceleration given by:

dr, d?r,
v(te) = Bc= dec, a(t.) = dtg .

Defining 8 = d.3 /dt., the derivatives of 3 are:

B = Bdit. and 9,8 = Bdjt..

Writing:

with r = (x,y, 2) and r. = (z¢, Ye, 2c), we calculate:

R, B'R _R,

Oite = ——— + ——0ite, hich yields 0;to = —<—. 6.32
Rc+ 7 which yields (1_5.f{>c (6.32)

Similarly, R .
8ttc =1+ %@tc, which ylelds 8ttc = m (633)

Substituting these into equation (6.30) gives:

v (1, ) = R |(R-5) <A . (6.34)
ra 9 ~ 3
4meg (1 -3 R) cR

To this radiation field, we add the component depending only on velocity, denoted Eyg.
Since it does not depend on the acceleration, it is the field of a fictitious charge moving
uniformly with velocity v = v(t.), which passes through r.(t.) at time t., and it is therefore
given by equation (6.5). This near-zone field varies as 1/R? and dominates over the
radiation field close to the charge. At time ¢, the fictitious charge is at r.(t.) + (t — t.) v =
rc(tc.) +vR/c, so that the vector D in equation (6.5)is D =R—-BR =R (f{ - [3). Since

1) is the angle between D and 3, we also have:
2712 i1 2 2 2 =12 2 | 52 =) 2
2D%sin?y = |BxD[? = R ‘BXR‘ — R\ —(ﬂ-R) ,
~ N\ 2
andD2:R2(1—26-R+62>,sothatD2(1—62sin2w):R2<1—B-R> .
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Substituting these expressions into equation (6.5) yields the total electric field E =
Eiaq + Eyf:

q f{—ﬁ Rx [(ﬁ—,@) X,B}
E (r,t) = — + . (6.35)
drre (1 —3. R) V2R cR

Here, B = v(t.)/c, B = dB/dt. and R = |r — r.(t.)|, with ¢, defined implicitly by t. =
t — |r —r(t.)| /c. Note that, contrary to the field produced by a charge with a uniform
velocity, the field produced by an accelerated charge does not, in general, point away from
the instantaneous position of the charge. The velocity term is directed along R - 3, that
is to say away from the position r.(t.) + vR/c that the charge would occupy at time ¢ if
it had continued with the velocity it had at the retarded time, while the radiation term is

perpendicular to R.

Similarly, the magnetic field can be computed from the vector potential A, which

yields:

B (r,t) = . (6.36)

In the instantaneous rest frame of the particle, where 3 = 0 at the observation time,
the electric field does not reduce to Coulomb’s law. The reason is that the retarded fields
depend on the velocity and acceleration at the retarded time, not on the instantaneous
state at the observation time. Thus, the fields in the instantaneous rest frame are
not the same as the Coulomb fields of a uniformly moving charge in its own rest
frame. Even in the frame in which the charge is at rest at the retarded time (8 = 0),
equation (6.35) gives the Coulomb field of the charge at its retarded position plus the
radiation term qﬁx (ﬁxﬁ) / (4megcR), which will be the starting point of section 6.2.1.

6.2 Radiated power

In section 6.1.1, it was demonstrated that the electric and magnetic fields of a point charge
moving with constant velocity fall off as 1/R?, implying that the Poynting vector scales as
1/R*. Consequently, no energy is transported to infinity, indicating that a charge moving
at constant velocity does not emit radiation.

In contrast, equations (6.35) and (6.36) show that when a charge is accelerating, both E
and B include terms proportional to 1/R. This implies that an accelerated charge emits

radiation. We now proceed to calculate the radiated power.
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6.2.1 Radiation from a non-relativistic accelerated point charge

We start by examining the case where the velocity of the charge is much smaller than the
speed of light.

Larmor’s formula

As mentioned earlier, at distances far from the charge, the radiation field dominates over
the near-zone field contributions. Specifically, from equation (6.35), this condition is
satisfied when R > ¢/ <y2B>. This regime is the focus of our discussion here.

Retaining only the radiation field and considering the limit 5 < 1, equation (6.34) sim-
plifies to:

Eiaq (r,t) = . (6.37)
4dmege R

Using spherical coordinates (R, 0, ¢), with the z-axis aligned along the acceleration of the
particle at the retarded time t., and denoting unit vectors with a hat, this can be rewritten
as:

gasinf ,

Epaq (r,t) = mea (6.38)

where a = ¢ = 0 is the acceleration. The corresponding magnetic radiation field, given
by Brad = f{XErad/c (eq. [6.36]) becomes:

gasinf
B )= ——— 6.39
rad (I‘, ) 47T€()C3R P, ( )
yielding the Poynting vector:
1 1 N ¢?a’sin? 6 -~
S(r,t) = —FEpaXBra = —E2R=———"——R. 6.40
(I‘, ) 110 rad X Brad [ioC rad 1672€e0c3 R2 ( )

Here, R = |r — r.(t.)|, where r.(t.) is the position of the charge at the retarded time t.
and t. =t — |r —r.(tc)| /c.

The radiation field can also be derived by analysing the motion of the charge and
determining how far the information about its velocity, influenced by the acceleration,
propagates within a finite amount of time. As this approach offers additional insight into

the structure of the radiation field, we have included it in Appendix A.
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We now apply energy conservation to relate the flux of the Poynting vector to the

energy emitted by the charge.

z S(t)

de

q(te)

do

The diagram shows a particle lo-
cated at the origin at time ¢, =
t — R/c, with its acceleration vec-
tor a oriented vertically. We con-
sider an infinitesimal area d> on
the surface of a sphere of radius
R, which subtends a solid angle
dQ = dX/R2.

Now, consider an observer positioned at the surface element d¥. Energy conservation,

as expressed by equation (5.104) and integrated over the spherical cone, gives S - RdY =

dU/dt, where dU represents the energy emitted into the spherical cone during the time

interval d¢, as measured by the observer. For a non-relativistic charge, equation (6.33)

yields Oit. ~ 1, which implies that d¢ is approximately equal to the time interval dt.

during which the radiation is emitted. This can also be seen by noting that r.(¢.) ~ r.(t)

for non-relativistic motion, and therefore ¢, ~ t — |r — r.(t)| /¢, which leads to d¢. ~ d¢.

Thus, the power received by the observer in the infinitesimal solid angle df2, given by
dP = dU/dt, is equal to the power radiated by the charge into that solid angle. This is

expressed as:

dP =
4dmreged

¢?a?sin? 6 @

= (6.41)
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The figure illustrates the radiation
pattern, represented as a polar plot
of (r,0), where r = dP/dQ o sin? 4.
Note that no energy is radiated
along the direction of accelera-

tion.



To calculate the total power P,,q radiated through the sphere of radius R, we integrate
dP over the surface area d¥ = R?sinfdfdyp, or equivalently over the solid angle dQ2 =
sin 6dOde:

2.2 s
Prg = —= / sin® 66,
8megc? J
This leads to Larmor’s formula:

2 2

q°a
Pog = —, 6.42
ad 67760(33 ( )

which applies to a non-relativistic accelerated charge. This formula demonstrates that
any accelerated charged particle radiates power proportional to the square of

its acceleration.

Notably, P,.q is independent of R: it depends only on the acceleration of the charge at
the retarded time t.. This means that the power crossing a spherical surface of radius
R at time t is equal to the power crossing another spherical surface of radius R’ at time
t+ (R’ — R)/c, since both correspond to the radiation emitted at the same retarded time.

This result reflects the principle of energy conservation.

Before extending this result to relativistic charges, we first apply it to the cases of an

oscillating dipole and an antenna.

Radiation from an oscillating dipole

z Consider a physical dipole aligned along the z-axis, where

the negative charge —¢q is fixed at the origin, and the pos-
, T4 itive charge +q oscillates along the axis. The position of
the oscillating charge is described by z(t) = dsinwt, giving
the dipole moment as p(t) = qz(t) 2 = posinwt z, where
po = qd. The total field is the sum of the fields produced
0 f —q by both charges, but only the positive, accelerated charge

contributes to the radiation field.

The radiated power is therefore given by equation (6.42), with the acceleration a =
—dw? sinwt. Averaging over an oscillation period, this results in:
4,2
wpg
Py = —. 6.43
< rad> 127T€063 ( )
Here, it is assumed that the motion is non-relativistic, meaning v ~ dw < ¢, which implies
d < A\, where A = 2mc/w is the wavelength of the electric field, which oscillates at the same

frequency as the charge’s motion.
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The condition R >> ¢2/a derived earlier compares the radiation field with the near-zone
field of a single charge, of order q/(4meqR?). For a dipole, however, the near-zone fields of
the two charges largely cancel at distances R > d, leaving the static dipole field, of order
po/(4megR3). The radiation field, of order w?pg/(4megc®R), therefore dominates when
R > c/w ~ X. With d < )\, these conditions can be summarised as R > A > d. When
R > d, we have R ~ r. An oscillating dipole observed from distances much greater than

its dimensions is referred to as a Hertzian dipole.

In the calculation above, we have computed only the electric dipole contribution to the
radiation, arising from p. This is the first term of the multipole expansion of the radiation
field. The next terms, the magnetic dipole and electric quadrupole contributions, are
smaller by a factor of order (v/c)?. For example, as will be seen in Problem Set 5, a
current loop with magnetic dipole moment amplitude M, radiates a time-averaged power
(Piag) = poM3Zw*/(12mc3). For charges ¢ moving with velocities v ~ dw over a region of

size d, the magnetic dipole moment is of order My ~ gd?w, so that:
(Prag) <M0>2 (dw>2_ <U>2<<1
(Prad) poc c c '

For the dipole considered here, the positive charge moves along a straight line through

the origin, so that its position and velocity are parallel and its magnetic dipole moment,
%quv7 vanishes. The leading correction then comes from the electric quadrupole mo-
ment, Qg ~ gd?, which is suppressed by the same factor (v/c)?. In either case, the
correction is negligible for non-relativistic motion, consistent with the assumption d < A

stated above.

Thomson and Rayleigh scattering

When an electromagnetic wave interacts with a charged particle, it exerts a force that
causes the particle to oscillate like a dipole. Consequently, the particle radiates energy
in directions other than that of the incident wave, leading to the scattering of the
electromagnetic wave. If the particle’s motion is non-relativistic, the emitted radiation
has the same frequency as the incident wave. For a free charged particle, such as a free
electron, this phenomenon is known as Thomson scattering. In this case, the amplitude
of the oscillation, and therefore the dipole moment, varies as 1/w?, so that the radiated
power, which is proportional to w4pg, does not depend on the frequency. The energy
carried by this reradiated field is supplied entirely by the incident wave, which therefore
loses a corresponding amount of energy, since the incident electric field does work on the

charge.
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In the atmosphere, electrons bound in molecules are set into oscillation by the electric
field of electromagnetic waves originating from the Sun. Since the size of the molecules
is much smaller than the wavelength of visible light, the radiation can be analysed using
the formula derived earlier for an oscillating dipole. Furthermore, the frequency of visible
light is much smaller than the resonance frequency wg of the bound electrons, so that the
restoring force dominates over the inertia of the electrons. The amplitude of the oscillation
is then of order eFEy/(m.w?), independent of the frequency w of the incident wave. The
scattering of light by particles much smaller than the wavelength under these conditions
is known as Rayleigh scattering. In this case, the radiated power is proportional to
w? oc 1/A*, meaning that blue light is scattered several times more effectively than red
light (about five times for wavelengths of 450 nm and 700 nm). This scattered radiation

draws its energy from the incident sunlight, which is weakened accordingly.

As a result, light observed away from the direction of the incident beam is enriched in
high-frequency (blue) components compared to the spectral distribution of the incident
sunlight, while the transmitted beam becomes progressively redder. This explains why

the sky appears blue.

At sunset, light travels through up to 40 times more air in the atmosphere than at midday,
leading to significant scattering of blue light out of the observer’s line of sight. Conse-

quently, the remaining light is dominated by red wavelengths, making sunsets appear red.

Radiation from an antenna

I An antenna is a device that converts electric power into
df2 ----- i electromagnetic radiation, or vice versa. Here, we con-
sider a linear antenna extending from —d/2 to +d/2
f r
§ ) along the z-axis, with a small gap at z = 0 where a
input ”\ transmitter supplies current. The current in the an-
current Z tenna is described by I(z,t) = I(z) coswt, with:
2|z
1=t (1- 21,
—df2 -—---- .
T and we denote the volume charge density by p(z,t).
The charge conservation equation gives dp/0t = —V - j, where j = (I/s)z is the current

density and s is the cross-sectional area of the wire. This yields dpy/0t = —01/0z, where
pe(z,t) = p(z,t)s is the charge per unit length in the antenna. Substituting the expression
for I, we find:

21,
t) = £——si t
pulz,t) = = O sint,

where the upper sign applies for z > 0 and the lower sign for z < 0.
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The charge contained in an infinitesimal length dz at position z is dg = py(z,t)dz. The

dipole moment of this charge distribution is:

d/2 9] 0 /2 I
p(t) = i/ zdg = 20 Ginwt / zdz +/ zdz | z = Ld sin wt z.
—d/2 wd —d/2 0 2w

The antenna can therefore be modelled as an oscillating dipole. Assuming d < A, where A
is the wavelength of the electromagnetic field produced by the antenna, the time-averaged

total power radiated is given by equation (6.43) with py = Ipd/ (2w):

Ig kd?

6.44
48mege ( )

<Prad> =

Note that antennas designed to emit radio waves typically have lengths comparable to the
wavelength of the electromagnetic field they produce. As a result, the radiated power for

such waves cannot be calculated using the above formulae.

6.2.2 Radiation from a relativistic accelerated point charge

We now consider the general case where the velocity of the charge may be relativistic.

Lorentz invariance of radiated power

In principle, the radiated power P,,q can be calculated directly by constructing the Poynt-
ing vector from the electric and magnetic fields given by equations (6.35) and (6.36),
retaining only the radiation components. However, it is simpler to extend the result ob-

tained for a non-relativistic charge, noting that P,,q is Lorentz invariant.

To demonstrate this, let us consider the charge in its instantaneous rest frame (S;)
at time ¢t. Denote dU’ the energy radiated by the particle during a time interval dt’, as
measured in (S;). During this interval, the charge’s velocity increases by dv’. Since dt’ is
infinitesimally small, dv’ < ¢, meaning the charge is non-relativistic in (S;). Consequently,
the radiated power, dU’/d#', is given by equation (6.42).

In frame (S), where the observer is at rest, let dt and dU denote the corresponding time
interval and emitted energy. We have c¢dt = 7 (edt’ + (v/c) - ds’), where « is the Lorentz
factor associated with the velocity v(t) and ds’ is the displacement of the particle in (S;)
during dt’. Since the particle’s velocity increases from zero to dv’ during dt’, it follows
that ds’ < dv’d¢’. To first order in dt/, we may neglect this term and obtain dt = ~dt'.
This expresses the fact that the infinitesimal interval dt’ in (S;) is a proper time interval,

since the particle is at rest in this frame to first order.
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To calculate dU, consider the field as being composed of photons. A photon emitted
during dt’ in the direction of the unit vector n’, making an angle 6’ with the acceleration,
has a 4-momentum (E'/c,p’), with p’ = (E'/c)n’. In frame (S), this photon’s energy
transforms to v (E’ + v - p’). Because the power radiated in (S;) is proportional to sin? ¢’,
which is unchanged when n’ is replaced by —n’ (that is to say 6’ by © — '), for every
photon emitted in the direction n’, there is another photon of the same energy emitted in
the opposite direction, —n’, with momentum —p’. The energy of these two photons in (S)
is then 2vFE’, since their momenta cancel. Summing over all photons emitted during dt/,
the total emitted energy is dU = ydU’.

Consequently, dU/dt = dU’/d#’, confirming that the radiated power P,,q is Lorentz
invariant. Since P,,q is given by equation (6.42) in the instantaneous rest
frame, it has the same value in any frame, regardless of whether the charge is

relativistic or not.

Here, P,q = dU/dt is the energy emitted per unit time of emission. For a relativistic
charge, the power received by a distant observer per unit time of reception differs from
it since, according to equation (6.33), dtreception = (1 -3 f{) dt., which depends on the

direction of observation.

However, although expression (6.42) is valid in the instantaneous rest frame, where a is
the proper (rest frame) acceleration, it is not valid in a general frame. The acceleration
a is not Lorentz invariant, and the radiated power is not in general proportional to a?. A

covariant expression must therefore be constructed from Lorentz invariants.

Covariant representation of radiated power

In the instantaneous rest frame of the charge, the 4-acceleration is A’* = (0,a’), where a’
is the proper acceleration. In this frame, the radiated power is given by equation (6.42)
as Paq = qZA’“AL/ (67‘(’6003).

The quantity A’“AL is a Lorentz invariant. Since the radiated power is itself Lorentz in-
variant, its functional dependence on the motion of the charge must also be expressible in
terms of Lorentz scalars. Moreover, the radiation field of an accelerated charge (eq. [6.35])
depends only on its velocity and acceleration, so any covariant expression for the power can
involve only the 4-velocity U* and the 4-acceleration A*. Because U*A, = 0, the only in-
dependent scalar one can form from these is A*A,,. Therefore the covariant generalisation

of the Larmor formula is uniquely determined to be:

2

__4a In
Pt = oo A" Ay (6.45)
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The 4-acceleration is given by equation (4.37), from which we derive:

2

AMAH:=74[—74(Véa>24—(Wji%av-¥a>2]::76[a2+'(v'a>2__azg]7 (6.46)

where a = dv/dt,. is the spatial acceleration. The last two terms in the brackets combine

to yield — (V><a)2 /c2, so the radiated power P,,q can be expressed as:

q? vxa\?
_ 6 2
Prad - 671'60037 [a ( c ) ] : (647)

This relativistic extension of Larmor’s formula is known as the Liénard formula. For

linear motion (v || a), it gives P..q o 7%a? while, for circular motion (v L a), it gives
P.aq < ¥*a?. The strong dependence on v explains why highly relativistic charged particles

in circular accelerators lose large amounts of energy through synchrotron radiation.
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Appendix A

Radiation from moving charges

We derive the power radiated by a non-relativistic accelerated point charge, following
the approach given by Purcell (originally proposed by J. J. Thomson). This derivation

complements the calculation presented in section 6.2.1 and provides additional insight into
the structure of the radiation field.

We consider a particle with charge ¢ that has been travelling at constant velocity
vo < ¢ along the x—axis during the time interval t = —oo to t = 0. At ¢t = 0, the particle is
located at x = 0 and starts to decelerate at a constant rate a, coming to rest at time t = 7.
The velocity of the particle during this deceleration is given by v = —at + vy, leading to
7 = vg/a. The position of the particle between t = 0 and t = 7 is x = —at?/2 + vot. At

t = 7, when the particle comes to rest, its position is z = v7/2.

We now analyse the electric field produced by this point charge at a time T > 7.

Region |

Region 11

vy Tsin @

A
/1:=EI'—t

x= %vﬂf (where x=v,T (where the
the particle is particle would be now
now at rest) if it hadn't stopped)

(From E. Purcell & D. Morin, Electricity and Magnetism)
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The information that the particle begins to decelerate propagates outwards from x = 0
at the speed c. By time ¢t = T, this information has reached a distance ¢T" from x = 0.
Consequently, only observers within a sphere of radius ¢T', centered at x = 0, are aware
that the particle has decelerated. Observers beyond this sphere (region I in the figure) still
perceive the electric field of a charge moving at a constant velocity vg. If the charge had
not decelerated, it would have reached x = vgT" at time ¢t = T'. Observers in region I thus
observe the electric field produced by a charge located at x = vy, moving with velocity
vg. This is because the particle had been travelling at constant velocity since ¢t = —oo,
resulting in the whole space filled with field lines that follow the motion of the charge.
As shown in section 6.1.1, the electric field of a charge moving at constant velocity points
radially away from the instantaneous position of the charge. For instance, at point C' in

the figure, the electric field is directed along the line segment C'D.

The information that the particle has come to rest propagates outwards from x = vy7/2
at the speed c¢. By time ¢ = T, this information has travelled a distance ¢(7 — 7) from
x = vo7/2. Consequently, for observers within a sphere of radius ¢(T' — 7) centered at
x = vo7/2 (region II in the figure), the electric field corresponds to that of a stationary
charge located at x = vp7/2. At point B in the figure, the electric field points along the
line segment AB and is given by Ep = q/[4meoc®(T — 7)?]. Point B is chosen such that
the angle 6 between AB and the x—axis is the same as that between C'D and the z—axis.
Since vg < ¢ and 7 < T, the position x = vg7/2 < ¢T'. This implies that the separation
between the points at x = 0 and at x = vy7/2 is negligible compared to the other distances
in the problem. Thus, Ep ~ q/(4neoR?), where R = cT.

We now proceed to calculate the electric field in the transition region, which corresponds

to the spherical shell of thickness cr.

The field line CD is produced by a mov-
ing particle, and thus the density of field
lines in the cone (Cz), which surrounds
the z—axis, decreases as we approach the
axis (refer to section 6.1.1). However, un-

der the assumption that vy < ¢, this ef-

fect can be neglected.

Consequently, since the two cones (C1) and (C2) have the same opening angle, they carry

the same amount of flux originating from the charge q.
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This observation implies that the flux of

B D

M //A E through the surface (X), bounded by
7 x the bases of (C1) and (C2), is zero. For

////////}}’///// this to be true, the line segments AB and

A

C'D must belong to the same field line,

SN

den

connected by the segment BC.

From the geometry of the problem, it follows that Ey/E, = voT sinf/(ct), where E,
and Fy are the radial and transverse components of the electric field within the shell,
respectively. Since the perpendicular component of E must remain continuous, we have
FE, = Ep, which yields:

sin #
E@ _ qUup S111 7
dregc*TR

where we have used T'= R/c. Substituting vy/T = a, we obtain:

qasinf
Eg=——+—| Al
O~ 4reo®R (A-1)

We arrive at the important result that Fy scales as 1/R, unlike the field of a static charge,
which scales as 1/ R?. Since E, x 1 /R2, it follows that as R — oo, or equivalently T — oo,
E — Ejy, meaning the electric field becomes purely transverse at large distances.

Accompanying this electric field is a magnetic field given by B, = Ejy/c, which is perpen-
dicular to both R, the unit vector radial vector, and E. Since EyB, o 1/ R?, the Poynting
vector integrated over the surface of a sphere of radius R remains finite, indicating that
energy is radiated away. For this reason, £y and B, are referred to as the radiation
fields, denoted by E,.q and B;,q. In contrast, the components of the fields that decay

faster than 1/R dominate near the charge and are known as near—zone fields.
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